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Abstract: The purpose of this work is to discuss the fundamental theory for a class
of partial functional differential equations with a non dense domain. We assume that
the linear part is not necessarily densely defined and satisfies the known Hille-Yosida
condition. We suppose that the nonlinear part is locally Lipschitz continuous. We prove
the existence of mild and strict solutions. When the solutions are globally defined, we
give a linearized principal near an equilibrium. We investigated the stability and the
asymptotic behavior of solutions of the linear equations. We prove that the behavior of
solution is completely obtained by the so-called characteristic equation. We study the
existence of bounded solutions for nonhomogeneous equation. We prove the existence of
periodic or almost periodic solutions when the solution semigroup of the linear equation
is hyperbolic. Finally, we propose to study the stability for one dimensional reaction
diffusion model with delay arising in physical systems.
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1. Introduction

By a partial functional differential equation, we mean an evolution system described
by the following differential equation,

(1.1) { %(t) = Au(t) + F(u), t=0
ug = ¢ € Cg,

where Cg :=C([—r,0]; E), r > 0, denotes the space of continuous functions from [—r, 0]
to a Banach space F with the uniform convergence topology and A : D(A) C F — E
is a linear operator. For u €C([—r,b]; E), b > 0 and t € [0,b], u; denotes, as usual, the
element of Cp defined by

ui(0) = u(t +6), for 6 € [—r,0].
1 This research is supported by TWAS grant under contract No: 03-030 RG/MATHS/AF /AC.
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The following model provides an example of such situation,
(1.2)

( o 52 0
Ew(t,f) = (9_£2w<t’£) —1—/_ w(t+0,8)du(0) + o(t,z), for t > 0and 0 < & <,

T

w(t,0) =w(t,m) =0, for t >0,

[ w(0,§) = wo(0,§), for —r <O <0and0<E <,

where the initial data wu is a given function from [—r,0] x [0, 7] to R, u is a positive
measure on [—r,0], o : Rx[0,7] — R is a continuous function. Several classes of
differential equations, such as delayed reaction diffusion equations, wave equations and
age-dependent population equations can be reformulated as partial functional differential
equations. For more details about this topics, we refer to the book [47], which provides
several examples to demonstrate the fact that partial functional differential equations
arise from various physical systems including population ecology, control theory, climate
models, structured population models,.....

It is well known that if A is the infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (7'(t));>o in E or, equivalently
() D(A) = E,
(i) there exist M >0, w € IR such that if A\ >w (M — A)~' € L(F) and

|((A=w)" (Al = A)™"| < M, for all n € N,

then, the classical semigroup theory ensures the well posedness of Problem (1.1). See
for example Travis and Webb [44], Webb [45], Fitzgibbon [30], Kunish and Schappacher
[36] and the references therein. In [44], [45], [30] and [36], the authors assumed that F
is globally Lipschitz continuous from Cg to E. They proved there results by using the
following variation-of-constants formula

t

u(t, p) = T(t)e(0) + / T(t — s)F(us(.,))ds, fort >0
o(t), for t € [—1,0].

More recently, Parrott [40] established a result of local existence for Eq.(1.1), in the case
where A satisfies (i) and (ii) and F' satisfies a locally Lipschitz condition. She used, in
the same paper, a result of Desch and Schappacher [20] to develop a principle of linearized
stability for Eq.(1.1).

In [2] and [28], Eq.(1.1) has been studied in the case when A has a non-dense domain and
(ii) holds. But, in this case, the perturbation considered is globally Lipschitz continuous.

In the present work we are investigating the case when : A satisfies (ii) with a non-
dense domain; and, F' satisfies a locally Lipschitz condition. We prove the local existence
of solutions of Eq.(1.1) and in the case when F' is globally Lipschitz continuous, we study
the problem of linearized stability near an equilibrium point. The method of proofs is
similar to that of Webb [46] and Parrott [39], [40].

Let us end this introduction with some considerations about the usefulness of such
results. Why to bother working with operators defined in non-dense domain 7
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First of all, there are many examples in the main domains where evolution equations can
be not densely defined. One can refer for this to [19] who provide many examples. Non-
density occurs, in many situations, from restrictions made on the space where the equation
is considered or from boundary conditions (for example, the space C' with null value on
the boundary is non-dense in the space of continuous functions). All these operators
are naturally associated with delay differential equations in a variety of applications:
population dynamics is an example. As a trivial example, one can think of the classical
Lotka-Von Foerster equation, considered in the continuous case, and where one would
assume that individuals die with probability 1 beyond a certain age. One could object
that by suitably restriction the problem could be reduced to a Cy—semigroup. This does
not work here since there is no reason in general that the function F' takes its values in the
closure of the domain, that is to say, in the space where A determines a Cy—semigroup.
On the other hand, the integrated semigroups theory allows the range of the operator F
to be in a subset of E.

2. Integrated semigroups

In this section, we collect some known definitions and results.

Definition 2.1. [12] Let E be a Banach space. A family (S(¢))>0 C L(E) is called an
integrated semigroup if the following conditions are satisfied :
(i) 5(0) =0,

(ii) for any = € E, S(t)x is a continuous function of ¢ > 0 with values in E,
(iii) for any t,s >0 S(s)S(t) = / (S(t+71)—S(r))dr.
0
Definition 2.2. [12] An integrated semigroup (S(t)):>o is called exponentially bounded,
if there exist constants M > 0 and w € IR such that
|S(t)] < Me*t for t > 0.

If (S(t)):>0 is an integrated semigroup, exponentially bounded, then the Laplace transform
“+o0o

R(\) := )\/ e MS(t)dt exists for all A > w.
0
We have the following general definition.

Definition 2.3. [12] An operator A is called a generator of an integrated semigroup,
if there exists w € IR such that (w,+00) C p(A) (the resolvent set of A), and there

exists a strongly continuous exponentially bounded family (S(¢)):>¢ of linear bounded
“+oo

operators such that S(0) = 0 and R(\, A) = )\/ e MS(t)dt for all A\ > w, where
0

R\, A) := (M — A)7Y for X € p(A).

Similar results as for semigroups can be obtained for integrated semigroups.

Proposition 2.4. [12] Let A be the generator of an integrated semigroup (S(t))i>0. Then,
forallx € E andt > 0,

/OtS(s)a:ds € D(A)and S(t)z = A </0t5(3)$d8) 1t

Moreover, for all x € D(A), t >0
S(t)x € D(A), AS(t)x = S(t)Ax



and

S(t)x = /Ot S(s)Axds + tx.

Corollary 2.5. [12] Let A be the generator of an integrated semigroup (S(t))i>0. Then

for all x € E and t > 0 one has S(t)r € D(A). Moreover, let x € E. Then S(-)x is
right-sided differentiable in t > 0 if and only if S(t)x € D(A). In that case

S'(t)x = AS(t)x + .

An important special case is when the integrated semigroup is locally Lipschitz continuous
with respect to time.

Definition 2.6. [37] An integrated semigroup (S(¢)):>o is called locally Lipschitz contin-
uous, if for all 7 > 0 there exists a constant k(7) > 0 such that

1S(t) — S(s)| < k(r) |t — ], for all ¢, s € [0,7].
In this case, we know from [37], that (S(t)):>0 is exponentially bounded.

Definition 2.7. [37] We say that a linear operator A is a Hille-Yosida operator if there
exist M > 0 and w € R such that (w,+00) C p(A) and

sup{(A —w)"|R(N,A)"|, neN, A >w} < M.
The following theorem shows that the Hille-Yosida condition characterizes generators of

locally Lipschitz continuous integrated semigroups.

Theorem 2.8. [37] The following assertions are equivalent.
(i) A is the generator of a locally Lipschitz continuous integrated semigroup,
(ii) A is a Hille-Yosida operator.

Remark 1. If A is the generator of an integrated semigroup (S(¢)):>o on F, then, the
part Ap of Ain F' = D(A) is the generator of a Cy-semigroup (7'(t))¢>o on F' and we have,
t

forz € F, S(t)x = / T(s)(x)ds, t > 0. However, for x € E'\ F the function t — S(t)x is

0
not differentiable at any ¢ > 0.

In the sequel, we give some results for the existence of solutions of the following Cauchy
problem

du

—(t) = Au(t t t>0
(2.1) o (8 = Au(t) + f(t),  t=0,

u(0)=x € E,
where A is a Hille-Yosida operator on E, without being densely defined. By a solution
of Eq.(2.1) on [0,T] where T' > 0, we understand a function v € C! ([0, 7], E) satisfying

u(t) € D(A) for t € [0,T], such that the two relations in (2.1) hold.
The following definition is due to Da Prato and Sinestrari.

Definition 2.9. [19] Given f € L} (0,+00; F) and z € FE, we say that u : [0, +00) —

loc
E is an integral solution of Eq.(2.1) if the following assertions are true

(i) w & C(10. +o0) s ),
(ii) / u(s)ds € D(A), for t > 0,

(iii) u(t) =z + A (/Otu(s)ds> + /Otf(s)ds, for t > 0.
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Remark 2. From this definition, we deduce that for an integral solution u, we have

t+h t+h
u(t) € D(A), for all t > 0, because u(t) = }ILIH(I)%/ u(s)ds and / u(s)ds € D(A). In
—0Jt t

particular, z € D(A) is a necessary condition for the existence of an integral solution of
Eq.(2.1). This is suggestive to solve Eq.(2.1) by the variation-of-constants formula where
S(t) is the integrated semigroup generated by A.

Theorem 2.10. [18] Suppose that A is a Hille-Yosida operator on E, x € D(A) and
f:]0,400) — E is a continuous function. Then Eq.(2.1) has a unique integral solution
which is given by the following variation of constants formula

(2.2) u(t) = S'(t)x + % /Ot S(t—s)f(s)ds, fort >0,

Furthermore, the function u satisfies the following estimate,

lu(t)] < Me“ (|z| +/ e~ |f(s)|ds), fort>0.
0

t

Note that Theorem 2.10 also says that / S(t — s)f(s)ds is differentiable with respect to
0

t.

3. Local existence and regularity of solutions

In the following, we assume that

(H,) A is a Hille-Yosida operator.

(H,) F : Cp — E is locally Lipschitz continuous, i.e., for each p > 0 there exists a
constant Cy(p) > 0 such that if ¢y, ps € Cp and |p1], |ps| < p then

|F(¢1) = F(p2)| < Colp) |o1 — 2l .

We know from Theorem 2.8 that A is the generator of a locally Lipschitz continuous
integrated semigroup (S(t)),5, on E and |S(t)] < Me**, for ¢ > 0.

Definition 3.1. We say that a function u : [—r,4+00) — FE is an integral solution of
Eq.(1.1) if the following conditions are true,

(i) u € C([—r,+00); E),

(ii) uo = ¢,

(iii) /tu(s)ds € D(A),for t >0,

(iv) u(t) = o(0) + A ( /O tu(s)ds) + /0 Flug)ds. for t > 0.

Definition 3.2. We say that a function u : [—r, +00) — E is a strict solution of Eq.(1.1)
if the following conditions hold,

(i) u € C1([0,+00); E) or C ([0, T]; D (A))

(ii) Up = ¥,

(iii) w satsfies Eq.(1.1), for ¢ > 0,

From the closedness property of the operator A, we can see that the following result hold.
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Proposition 3.3. (i) If u is an integral solution of Eq.(1.1) in [—r,al, then for all t €
0,a], u(t) € D(A). In particular ¢(0) € D(A).
(i) If u is an integral solution of Eq.(1.1) in [—r,a], such that u belongs to C'([0,a]; E)

or C([0,a]; D(A)), then u is also a strict solution of Fq.(1.1) in [—r,a].

By theorem 2.10, if the integral solution u exists, then it is given by the following variation
of constants formula,
t

d
S’ (t)p(0) + E/ S(t — s)F(ug)ds, for t € [0,T]
0
o(t),for t € [—r,0].
Theorem 3.4. Suppose that (H,) and (H,) are satisfied. Let ¢ € Cg be such that

(3.1) u(t) =

©(0) € D(A). Then, there exists a mazimal interval of existence [—r,T,[, T, > 0, and a
unique integral solution u(., ) of Eq.(1.1), defined on [—r,T,[ and either

T, =400 or limsup |u(t,p)| = +o0.
t—T,

Moreover, u(t, @) is a continuous function of , in the sense that if p € Cg, p(0) € D(A)
and t € [0,T,[, then there exist positive constants L and ¢ such that, for ¢ € Cg, ¥(0) €

D(A) and |p — | < €, we have

t€[0,Ty] and |u(s,¢) —u(s, )| < Llp —|, forall s € [—r,t].
Proof. Note that (H,) implies that, for each p > 0 there exists Cy(p) > 0 such that for
¢ € Cg and |p| < p, we have

[E ()| < Colp) |l + [F(0)] < pColp) + [F(0)].

Let ¢ € Cg, ©(0) € D(A), p = |p| + 1, c1 = pCo(p) + |F(0)| and Ty > 0. Consider the
following set

Z, = {u eC([-r,Th]; E):u(s) =¢(s) if s € [-r,0] and 0<s;1<pT lu(s) — p(0)] < 1} :

where C ([—r, T3], E) is endowed with the uniform convergence topology. It’s clear that
Z, is a closed set of C ([—r,T1], E) . Consider the mapping

H:Z,—C(-rT],E)
which is defined by

t

d
/
Hw ) =4 ° (£)(0) + — 0 S(t — s)F(us)ds, for t € [0,T}]
o(t), for t € [—r,0].
Note that a fixed point of H is an integral solution of Eq.(1.1).We will show that

H(Z,) C Z,.
Let u € Z, and t € [0,T3], we have, for suitable constants M and w
d t
[H (u) (t) —¢(0)] < [S(£)¢(0) — (0)] + @/0 S(t = s)F(us)ds|

t

SIS/ E00(0) = l0) + Mt [ e () s



We can assume, without loss of generality, that w > 0. Then,

t
H ) (1) = $(0)] < IS Op(0) = 0(0) + e [ |F(w)] ds.
0
Since |u(s) —p(0)] < 1, for s € [0,71], and p = |¢| + 1, we obtain |u(s)| < p, for
s € [=r,T1]. Then, |us| < p, for s € [0,77] and

[F(us)] < Colp) |us| +[F(O)],
<.

Consider the constant 77 > 0 sufficiently small such that
sup {]15'(s)p(0) — @(0)| + Me“*c1s} < 1.

0<s<Ty
We deduce that
|H (u) (t) — (0)] < [S"(1)p(0) — p(0)] + Me“tert

<1
Hence,
H(Z,)C Z,.
On the other hand, let u,v € Z, and t € [0,73]. We have

_ % /0 S(t — 8)(F(uy) — F(uy))ds|

t

< Me‘”t/ |F(us) — F(vs)| ds,
0

[H (u) (t) = H (v) (1)]

t

< Me“'Cy (p) / |us — v ds,
0
< Me'Cy (p) Th Ju — Vle(erm,B) -
Note that p > 1, then

M@LUTI C() (p)Tl S MGUJTl ClTl,
< sup {[5'(s)p(0) — 0(0)| + Me**cys},

0<s<Ty
< L.

Then, H is a strict contraction in Z, and H has one and only one fixed point u in Z,.
We conclude that Eq.(1.1) has one and only one integral solution which is defined on the
interval [—r, T1]. Let u(.,¢) be the unique integral solution of Eq.(1.1), defined on it’s
maximal interval of existence [0,7,[, T,, > 0. Assume that T, < +oo and

lim sup |u(t, p)| < +oo.
t—>T;

Then, there exists a constant p > 0 such that |u(t,¢)| < p, for t € [-r,T,[. Let t,t+h €
0,T,[, h >0, and 6 € [-r,0]. If t + 6 > 0, we obtain

[u(t + 60+ h,p) —u(t+0,0)] < [(S'(t+60+h)—S'(t+0))e(0)
t+0+h d [t?
+ —/ S(t+9—|—h—s)F(us,gp)ds——/ S(t+ 60— s)F(us, p)ds|,
dt 0 dt 0



d t+0+h
<180+ 018/ 0)e(0) — 0 + | [ S F s s
d 0 t+6
G S0 (Plusanoae) = Fluusooa o)) ds|-

This implies that,
(8, 9) = wi(0,9)] < MeT-|5'(R)p(0) = p(0)] + MeTeerh

t
—i—Me“’T‘PCo(P)/ |ustn (-5 0) — us(, )| ds.
0

If t +6 < 0. Let hy > 0 sufficiently small such that, for h € ]0, ho|
|uen(0,0) —u0,90)| < sup |u(o + h, @) —u(o, ¢)].

—r<o<0

Consequently, for ¢t,t +h € [0, T,[, h €10, ho[;
un (., 0) —uel,0)| < 6(h) + Me™* (|S"(h)p(0) — (0)] + c1h)

t

Mo Gy (p) / g 9) — s )| ds,
0

where
6(h) = sup |u(o+h,¢)—u(o,¢)].

—r<o<0

By Gronwall’s Lemma, it follows

[ (-, 0) = w(, @) < B(h) exp [Co(p) Me* T T, ],
with

B(h) = 6(h) + Me“" [|S"(h)p(0) — @(0)| + e1h] .
Using the same reasoning, one can show the same result for A < 0. It follows immediately,
that lim u(t, ) exists. Consequently, u(.,¢) can be extended to T,, which contradicts

t—>T¢
the maximality of [0, T,].
Next, we prove now that the solution depends continuously on the initial data. Let

¢ €Cg, ¢(0) € D(A) and t € [0,T,[. We put
p=1+ sup |u(s, )]

—r<s<t

and
c(t) = Me* exp (Me*' Co(p)t) .

Let € € ]0, 1] such that ¢(t)e < 1 and ¥ € Cg, 1¥(0) € D(A) such that

o — Y| <e.
We have

W] < fel+e <p.
Let
To =sup{s > 0:|u,(.,9)| < pfor o €0,s]}.
If we suppose that Ty < ¢, we obtain for s € [0, Tp],

‘us<'7 ()0) - us(7w)‘ < M€Wt |()0 - 1P| + ]\4em‘/c(0(p)/0v ‘u0<'7 (10) - ua('7 w)’ do.



By Gronwall’s Lemma, we deduce that
This implies that
lus(, V)| < c(t)e+p—1<p, forall se|0,Tp.

It follows that 7j cannot be the largest number s > 0 such that |u,(.,%)| < p, for
o €10,s]. Thus, Ty > t and t < T},. Furthermore, |us(.,¢)| < p, for s € [0,¢], then using
the inequality (3.2) we deduce the dependence continuous with the initial data.

Theorem 3.5. Assume that the hypothesis of Theorem 5.2 hold. Furthermore, assume
that F' : Cp — E is continuously differentiable and F' : Cp — L(Cg, E) satisfies the locally
Lipschitz condition (Hs), i.e., for each p > 0 there ezists a constant Cy(p) > 0 such that

if p1,92 € Cp and |p1], [p2| < p then
[F'(¢1) — F'(p2)| < Ci(p) lo1 — pal -
Let for given ¢ € Cy, :=C*([-7,0], E) such that
©(0) € D(A), ¢'(0) € D(A) and ¢'(0) = Ap(0) + F(p),

and u(., ) : [-r,T,[ — E be the unique integral solution of Eq.(1.1). Then, u(.,¢) is a
strict solution of Eq.(1.1) on [—r,T,|.

Proof. Let ¢ € C}, such that ¢(0) € D(A), ¢'(0) € D(A) and ¢'(0) = Ap(0) + F(p).
Let u := u(., ) be the unique integral solution of Eq.(1.1) on [—r,T,[ and T} € |0,T,[.
It’s clear that, there exists a unique function v : [0, 1] — E which solves the followmg
integral equation
o(t) = S'(t)¢! —/ S(t — s)F'(us)vsds, for t € [0,T1],
o' (t), forte[ r,0].

Define the function w by
t

0)+ [ v(s)ds, fort e |0,T;
wity = | 2O+ [ o) 0.7
o(t), for t € [—r,0].
We will prove that u = w. Using the expression satisfied by v, we obtain, for ¢ € [0, T}]

w(t) = p(0) + S(t)¥'(0) +/0 S(t — s)F' (us)vsds.

We have ¢(0) € D(A), ¢'(0) € D(A) and ¢/(0) = Ap(0) + F(), then
St)#'(0) = () p(0) + S F(p).

Using Corollary 2.5, we deduce that

S(t)¢'(0) = S'(1)@(0) — ©(0) + S(t)F(¢p).

/S(t—s (ws ds—/S F (w;_g) ds.

Moreover, we have
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The functions ¢t — w,; and F' are continuously differentiable. It follows that the function

tﬁ/tS(t—s)F(ws)ds

is continuously differentiable and

d t

i ), S(t—s)F(ws)ds:S(t)F(tp)+/O S (t —s) F' (ws) vsds.

We deduce that

S(t)F(go):%/o S(t—s)F(ws)ds—/o S (t— s) F' (ws) vads.

Consequently w satisfies, for t € [0, T}]

w(t) = S"(t)p(0) + S(t)F () +/O S(t — s)F'(us)vsds.
This implies that
w(t) = 5" (t )+ — fo (t—s) F (ws)ds
— fo (t—s) F’ (ws) vsds + fo (t —s) F' (us) vsds.
Consequently, we obtain
u(t) —w( fo F (uy) — F (wy)) ds
— fo (t— ) (F' (us) — F' (wg)) vsds.

Then we deduce, for ¢ € [0, T}], that

t t
luy — wy| < Me*™ (/ |F (us) — F (wy)] ds+/ |F' (us) — F" (wy)] |vs|ds) .
0 0
Let
p=max(_sup Ju(s)_sup ], sup (o))
—r<s<Ti —r<s<Ti —r<s<Ti

There exist Cy(p), Ci(p) > 0 such that if p1, s € Cg and |p1], |¢2| < p, then

{ |F(¢1) = F(p2)| < Colp) |1 — @2l »
[F"(p1) — F'(p2)| < Ci(p) o1 — o .

This implies
t
Iw—uﬂéﬂhﬂWGMﬂ+M1@D/N%—wJ%-
0

By the Gronwall’'s Lemma, we deduce that v = w in [0, T}] .
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4. Stability and symptotic behavior

In this section, we give a result of linearized stability near an equilibrium point. By an
equilibrium, we mean a constant solution. Without loss of generality, we assume that 0
is an equilibrium. We keep the assumption (H;) as in Section 3 and instead of (H,), we
make the following hypothesis

(H)) : F is continuously differentiable, F(0) = 0 and F is globally Lipschitz continuous
on Cg, i.e. for some positive constant «, one has

|F(¢1) = F(p2)| < afpr — o, for all 1,92 € Cp.

From Theorem 5.2 and the Gronwall’s Lemma, Condition (H)) implies that, for all ¢ € Cp
such that ¢(0) € D(A), Eq.(1.1) has a unique integral solution which is defined on [0, +o0[
d

by
(4.1) u(t, o) = S'(t)p(0) + E/o S(t — s)F(us(.,p))ds, fort>0.

Let X denote the phase space of Eq.(1.1) defined by
X:{we@ygmnepm&.
Define the following operator U(t) on X for t > 0 by

U(t)(0) = ., ),

where u(., ¢) is the unique integral solution of Eq.(1.1). Using the integral equation (6.2),
it’s easy to prove the following result.

Proposition 4.1. The family ((7(25)) 1s a strongly continuous semigroup on X, that
>0

is

Wi =1,

(ii) U(t + s) U)U(s), for allt,s >0,

(iii) for all p € X, U( )(p) is a continuous function of t > 0 with values in X,
(iv) for all t >0, U(t) is continuous from X into X.

(

V) ( (t )>t>0 satisfies, for t > 0 and 0 € [—1,0] the translation property

() ) - { (T +0)() ©), ift+020

(t+0), ift +6 <0,
(vi) there exit v > 0 and M > 0 such that,

Tt ) - T(B)(2)

Consider the linearized equation of (1.1) corresponding to the derivative F'(0) at 0

< Me o1 — o, for all p1, 09 € X.

du(t)
=A F’ >
(4.2) { i u(t) + F'(0)uy, >0
ug = p € Cg,

and let (U(t)),s, be the corresponding solution semigroup on X.
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Proposition 4.2. The derwative at zero of the nonlinear semigroup (7(25), t >0, associ-
ated to Eq.(1.1), is the linear semigroup U(t), t > 0, associated to Eq.(4.2).

Proof. It enough to show that, for each £ > 0, there exists § > 0 such that
T(t)(9) - Ut)p| <2l for lpl <o

We have N N
Uit)e) - Uy = sw |(T0) 6) - U 1) 6)].

0e[—r,0] B
= s [(T0) 6) - VD)) )]

t+6>0

and, fort+6 >0

~ t+6 _
([Tt@)) 0) = WD) 0) = = / S(t+0—3) (F(U(s)(¢) = F(0)(U(s)g)) ds,

It follows that

)ﬁ (t)(p) — U(t)gp’ < Meot /Ot o

and

T )~ U < Mer ( / e [ FE(s) () — FU(s)e))| ds

+/0 e vs |F(U(8)(gp)) _ F/<O)(U(S)g0)| ds) '

By virtue of the continuous differentiability of ' at 0, we deduce that for € > 0, there
exists 6 > 0 such that

/0 e [F(U(s)g) — F(O)U(s)o)|ds < e gl for | <6

On the other hand, we obtain
[ |F@e) - Fuee|as<a [ o
Consequeﬁtly, 0
G0 - U] < e (el [ o
By Gronwall’s Lemma, we obtain

T()(0) = U)p| < Me [gp| el

U(s)(¢) = U(s)p| ds.

0(s)(¢) ~ Uls)e] ds) |

We conclude that U(t) is differentiable at 0 and D@fj (t)(0) = U(t), for each t > 0.

Definition 4.3. Let Y be a Banach space, (V/(t)),5, & strongly continuous semigroup
of operators V(t) : W C Y — W, t > 0, and 2o € W an equilibrium of (V(t)),o, (i-e.,
V(t)zy = x0, for all ¢ > 0). The equilibrium ¢ is called exponentially asymptotically
stable if there exist 6 > 0, > 0,k > 1 such that

V(t)x — x| < ke ™ |x — 20| for all z € W with |z — x| < & and all £ > 0.
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We have the following result.

Theorem 4.4. Suppose that the zero equilibrium of (U(t)),s, 4s exponentially asymptot-

tcally stable, then zero is exponentially asymptotically stable equilibrium of ((7(25)) .
>0

The proof of this theorem is based on the following result.

Theorem 4.5. (Desh and Schappacher [20]) Let (V(t)),s, be a nonlinear strongly con-
tinuous semigroup of type v on a subset W of a Banach space Y, i.e.

V(t)ry — V(x| < M'e |2y — 3|, for all z1,20 € W

and assume that xo € W is an equilibrium of (V(t)),s, such that V(t) is Fréchet-
differentiable at xo for each t > 0, with T(t) the Fréchet-derivative at xo of V(t), t > 0.
Then, (T'(t)),sq is a strongly continuous semigroup of bounded linear operators on Y.
If the zero equilibrium of (T(t)),>0 s exponentially asymptotically stable, then xo is an
exponentially asymptotically stable equilibrium of (V(t))>0-

5. Spectral analysis and characteristic equation

In this section, we consider the following linear partial functional differential equation

(5.1) {%%ﬂ—Amw+Mm%tzo
uy = ¢ € Cp,

where L is a bounded linear operator from Cg to E. Let us introduce the part Ag of the

operator A in D(A), which is defined by

Dm@:{xepmyAxe m&,
AO =A on D(A(])
For the sequel, we introduce the operators Ty(t) = S’(t), for t > 0.

Lemma 5.1. [13] The operator Ay is the infinitesimal generator of (Ty(t)),~, on D(A).

Moreover, formula (3.1) is equivalent to the following formula
t

(5.2) ut) = 4 D)e(0) + AETOO/O Ty(t — s)BaL(us)ds, t > 0,

o(t), t e [—r,0],
where By = MM — A)~'. Let (U(t)),5, be the solution semigroup associated to Eq.

(5.1). In order to study the asymptotic behavior of solutions, we have first to compute

the infinitesimal generator Ay of (U(t)),s-

Theorem 5.2. The infinitesimal generator Ay of the semigroup (U(t)),~, on X is given
by -
DAy = 1#€C (1=r.01:E) : o(0) € D(4), ¢/(0) € D(A)
and ¢'(0) = Ap(0) + L(p)}

App = ¢’
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Proof. Let Ay be the infinitesimal generator of the semigroup (U(t)),5, on X and let
¢ € D(Ay). Then

lim M =1 existsin X,
t—0t t
Avp =1.

The first expression implies that

iy P+ 0) — (0)
t—0+ t
On the other hand, we have
Lt +6) — ol6)
t—0+ t

=(0), for 6 € [-r0).

= D*p(h), for 6 € [—r,0),

where DT is the right derivative of the function ¢. Then, DTy = v exists and is
continuous on [—r,0). For the next, we need to use following lemma.

Lemma 5.3. ([41], Corollary 1.2, p. 43) Let ¢ be a continuous and right differentiable
function on [a,b). If the function DTy is continuous on [a,b), then ¢ is continuously
differentiable on [a,b).

We deduce from this lemma that the function ¢ is continuously differentiable on [—r, 0)
and ¢’ = 1 on [—r,0). Note that ¢» € X. Then, éin% ¢©'(0) = ¥(0) exists. This proves

that the function ¢ is continuously differentiable on [—7r,0] and ¢’ = . On the other
hand, as ¢ € D(Ay), the semigroup ¢t — U(t)p is differentiable. This implies that the
integral solution u : t — (U(t)y) (0) of Eq.(1.1) is continuously differentiable on [0, +00).
By Proposition 3.3, we deduce that u is a strict solution of Eq.(1.1). Then, we obtain

i 4®) = #(0)

t—0t t

=4/(0) = ¢'(0) and u'(0) = Au(0) 4+ L(up).

Consequently,
¢'(0) = Ap(0) + L(p).
We have proved that
{0 ([=r.0:E): 0(0) € D(A), ¢(0) €
and ¢'(0) = Ap(0) + L(p)}

3
=

D(Ay) C

Avp =¢'
Consider now ¢ € C' ([-r,0]; F) such that

p(0) € D(A), ¢'(0) € D(A) and ¢'(0) = Ap(0) + L(yp).
Let u : [-r,+00) — E be the unique integral solution of Eq.(1.1). We have
(U)p) (0), £ >0,
ut) = { olt), L€ [r.0).

From Theorem 3.5, we deduce that u is a strict solution. This implies also that t +— w; is
continuously differentiable on [0, +00). Hence ¢ € D(Ay).
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In the sequel of this work, we suppose that

(H3) The semigroup (7p(t)),so on D(A) is compact, this means that for each t > 0, the
operator Ty(t) is compact on D(A).

Theorem 5.4. Assume that (H3) holds. Then, the semigroup (U(t)),», is compact on
X, for every t > r. -

Proof. Let B be a bounded subset of X and let ¢ > r. We will use the Ascoli-Arzela’s
theorem to show that the set {U(t)p : ¢ € B}is relatively compact in X. It is enough
to show that, for every 6 € [—r,0], {(U(t)p) (0) : ¢ € B} is relatively compact in E. Let
e > 0 such that t + 6 — ¢ > 0. Then, using formula (5.2), we obtain

40
(Ut)e) (0) = To(t + 6)e(0) +  lim i To(t + 0 — s)BAL(U(s)p))ds.
Note that

/ Lt 40— $)BAL(U(s))ds — / T L+ 0 )BLWU(s)e))ds+

/t+ To(t+ 60 — s)BAL(U(s)p))ds

+0—¢
and
t+0—¢
)\liril To(t+60 — s)BAL(U(s)p)ds =
— 400 0
t4+-0—¢
To(s)/\lirll To(t+60 —e—s)B\L(U(s)p))ds.

Assumption (H3) implies that the set

To(e) { lim /0t+9€ To(t+0 —e—s)BAL(U(s)p))ds : ¢ € B}

A——+o00
is relatively compact in E. On other hand, the semigroup (U(t)):>o is bounded. Then,
for some positive constant by, we have

t+6
lim / To(t+60 — s)BAL(U(s)p))ds| < be.
¢

A——400 +0—¢

Consequently, the set
t4+6
{ lim / To(t+60 — s)BAL(U(s)p))ds : ¢ € B}
A=t Jitg—e
is totally bounded. Therefore, the set {(U(t)¢) (f) : ¢ € B} is relatively compact. We

show now the equicontinuity. Let 6 > 6, we have

(U)p) (0) = U)#) (o) = (To(t +6) — To(t + 60)) £(0)+

46

/\lir+n To(t +60 — s)BAL(U(s)p)ds—
t+60g

lim To(t + 60 — s)BAL(U(s)p)ds.

A—+oo J
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On the other hand, we have

/ TUn 40— 9BALWU()g)ds = / T Lt 40— BALU () p)ds

t+6
+ / To(t+ 60 — s)BAL(U(s)p)ds.
t+6o

Consequently, we deduce that
((U®)#) (0) = (UE)p) (00)] < |Tot +6) = To(t + o) |p(O)] +

+6o

AEIEOO (To(t+0 —s) —To(t + 60y — s)) BAL(U(s)p)ds

+

t+60
lim / To(t + 0 — $)ByL(U(s)0)ds| -
A=F00 146,

From Assumption (H3), we deduce that the semigroup (7(t)),s is uniformly continuous
for ¢ > 0. Then, -
Jim [ To(t +0) — To(t + 6y)| = 0.
—UVo

Furthermore, the semigroup (U(t)),s, is bounded in B. Consequently, there exists a
positive constant by such that

t46
lim / To(t + 0 — ) ByL(U(s)0)ds| < b (6 — )
A=F00 S 110
and
t+0o
/\hr_"{l (To(t+0 —s) = To(t + 60y — s)) BAL(U(s)p))ds =
t+6g
(To(0 — 0y) — I)/\liril To(t + 60y — s)BAL(U(s)p)ds.
Then, there exists a compact set K in E such that
t+0g
/\lim To(t + 0o — s)BAL(U(s)p)ds € K, uniformly in ¢ € B.
— 400 0

By the Banach-Steinhaus’s theorem, we obtain

lim sup |(To(0 — 6p) — I)z| = 0.

0—00 zek
This implies that

lim (U(t)p) (0) — (U(t)p) (6y) =0, uniformly in ¢ € B.

0—0F
Using a similar argument as above, we prove that

lim (U(t)e) (0) — (U(t)p) (6) = 0, uniformly in ¢ € B.

—Y%

The Ascoli-Arzela’s theorem completes the proof of Theorem 5.4.

We now consider the spectral properties of the generator Ay. For each complex number
A, we define the linear operator A(\) : D(A) — E by

(5.3) AN) =M — A — L(eM),
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where eI : E — Cp, is defined by (note that we consider here the complexification of
Ck)

(rz) (0) =Mz, 2 € E and 6 € [-r,0].
We say that A is a characteristic value of Eq.(1.1) if there exists x € D(A)\{0} solving

the characteristic equation A(A)z = 0. By [21], and from the compactness property of
the semigroup (U(t)),s,, We get the following result.

Corollary 5.5. Assume that (H3) holds. Then, for each t > r, the spectrum o(U(t)) is
a countable set and is compact with the only possible accumulation point 0 and if p # 0 €
o(U(t)) then u € Po(U(t)), where Po(U(t) denotes the point spectrum.

Corollary 5.6. Assume that (H3) holds. Then, there exists a real number 6 such that
Re X < § for all A € o(Ay). Moreover, if 5 is a given real number then there exists only
a finite number of A € Po(Ay) such that Re A > [.

We can give now an exponential estimate for the semigroup solution.

Proposition 5.7. Assume that (H3) holds. Let ¢ be a real number such that Re A < 6 for
all characteristic values A of Eq.(1.1). Then, for v > 0 there exists a constant k() > 1
such that

U (t)g| < k(7)e® |, forallt >0 and ¢ € X.
Proof. Let wy be defined by

wp := inf {w €eR: sup e ¥ |U(t)] < —i—oo} :

>0
The compactness property of the semigroup (see [21]), implies that
wo = s1(Ay) :=sup{ReX: A € Po(Ay)}.

On the other hand, if A € Po(Ay) then there exists ¢ # 0 € D(Ay) such that Ayp = Ap.
This implies that

p(0) = Mp(0) and ¢'(0) = Ap(0) — L(p) with »(0) # 0.

Then, A(N)p(0) = 0. We deduce that \ is a characteristic value of Eq.(1.1).

We will prove now the existence of A € Po(Ay) such that Re A = s1(Ay). Let (A\,), be a
sequence in Po(Ay) such that Re\, — s1(Ay) as n — +oo. Then, there exists ( such
that Re A\, > 3 for n > ny with ny large enough. From Corollary 5.6, we deduce that

{A\n : Re A, >} is finite. The sequence (Re \,),, is stationary. Consequently, there exists
n such that Re A, = s1(Ay).

The asymptotic behavior of the solutions is now completely obtained by the characteristic
equation.

Theorem 5.8. Assume that (H3) holds. Let 6 be the smallest real number such that
if A is any characteristic value of Fq.(1.1), then ReX < 6. If § < 0, then for all ¢ €
X, |[U(t)p| — 0 ast — +oo. If 6 = 0 then there exists ¢ € X\{0} such that |U(t)p| = |¢|
for allt > 0. If 6 > 0, then there exists ¢ € X such that |U(t)p| — +00 ast — +oo.
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Proof. Assume that 0 < 0, then we have wy = s;(Ay) < 0 and the stability holds. If
d = 0, then there exists z # 0 and a complex A such that Re A = 0 and A(\)z = 0. Then,
)\ € Po(Ay) and e € Pa(U(t)). Consequently, there exists ¢ # 0 such that

Ut)p = M.

This implies that |U(t)¢| = |eMp| = |¢|. Assume now that § > 0. Then, there exists
x # 0 and a complex A such that Re A = ¢ and A(A)z = 0. Then, there exists ¢ # 0 such
that [U(t)p| = € |p| — +00, as t — 400,

6. A Variation of constants formula

In this section, we consider the following nonhemegeneous linear partial functional
differential equation

(6.1) { %(t) = Au(t) + L(u) + f(t), for t >0
up = ¢ € Cp,

where f is a continuous function form R to E. To construct a variation of constants
formula associated to Eq.(6.1), we define the space X @ (Xj), where (Xj) is the space
given by

<X0> = {X()C cE E}
and the function Xyc is defined by

a0 ={ 0S5

X @ (Xyp) is endowed with the following norm
|0 4 Xocl = || + ]
Theorem 6.1. The continuous extension ;17] of the operator Ay defined on X @ (Xo) by
{ D(Ay) = { € 0" ((=1.0]: B) : 9(0) € D(4) and ¢'(0) € D(A) |
Ay = ¢ + Xo(Ap(0) + L(p) = ¢'(0)),
1s a Hille-Yosida operator.
The proof of this theorem is based on the following lemma.

Lemma 6.2. There exists wy such that for A > wy,
M
(i) A(N) is invertible for X > wy and |ATY(N)] < 3 :
— —wi
(ii) D(Ay) = D(Ay) ® (), where (e*) = {e*c: c € D(A) and (e*c) (0) = e*c},

—~

(iii) (w1, +00) C p(Ay) and forn >1

for A > wy,

RO\ Ap)™ (¢ + Xoc) = R(N, Av)"o + RO\, Ap)" ™ (e A7I(V)e)

— -1
for every (p,¢) € X x E, where R(\, Ay) = (M — Ay)™" and R\, Ay) = ()\[ — AU) .
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Proof of the lemma. (i) We have
AN) =M — A—L(eM) = (M — A) (I = RO\, A)L(eM)) .
Let wy > max(0,w). Then,

|R(\, A)L(eM)] < X ||<1ﬂnA>wy+MHJ

W
Hence, the operator I — R(\, A)L(e*1) is invertible and satisfies

(1= RO, AL D) = ST [ROL, A)L(MD)]"

n>0
Then,
](1 RO AUED) | < T ma D)
and 1 A
Ay L — o
_— < = '
(1= RO\ A)L(eMD)) ST T X —we - ML

This implies that

_ M
AT = =
(ii) For A > w; := wy+ M |L|, it is clear that D(Ay) N {e) = {0}. Let ¥ € D(Ay). If we
put i = ¢ — eMAN) ! (Av,b( )+ L) — ' (O)) then we deduce that ¢» € D(A). This

implies that D(AU) = D(Ay) + (e*) and the decomposition holds.

(iii) Let § € X @ (Xo), & = ¢ + Xoe. We are looking for ¢ € D(;l\(/]), such that
(A — E&){E = . The function {/; can be written as 1; =1 +e*a, where 1 € D(Ay) and
a € D(A). Then we have

for A > wo+ M|L|.

(M — Z&)(w +era) = o + Xc.
This equation slips into two equations

{(A[—/hﬂ¢::¢
A(N)a = c.

It follows that for A > wy, (A — Ay)~" exists and

(A — Ap) (o + Xoc) = (M — Ap) Lo+ AN e
Repeating this procedure, we obtain for every n > 1
(6.2) RO\ Ap)" (¢ + Xoc) = RO\, Ap)p + RO, Ag)™ ! (A (M)e) .
From (i), we deduce that

sup  |(A —wi)" R\, Ap)"

neN, A>wq

This completes the proof of the lemma and the theorem.

Lemma 6.3. The part Of% in D(;l\;) is the operator Ay .
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Proof. The operator Ay generates a strongly continuous semigroup in X. Then, by the

Hille-Yosida theorem we have D(Ay) = X. On the other hand, D(Ay) € D(Ay) C X.
This implies that

—

D(Ay) = {90 € Cr: p(0) € (A)} — X.
Let B be the part of ;1; in D(;l\;]) Then

{ D(B) = {¢ € D(Ay) : Appp € X},
By = Aye.

¢ € D(B) if and only if ¢ € C*([-r,0]; E), ¢(0) € D(A), ¢'(0) € D(A) and ¢’ +
Xo(Ap(0)+ L(p)—¢'(0)) € X, which is equivalent to say that ¢ € D(Ay). Consequently,

we have B = Ap.

Consider now the following nonhomogeneous Cauchy problem

du —
(6.3) %(t) = Apu(t) + Xof(t), for t >0
Definition 6.4. A continuous function u : [0, +00) — Cg is called an integral solution of
Eq.(6.3) if
t —
Q) / u(s)ds € D(Ay), for t > 0,
0

t

(ii) u(t) = ¢+ Ay u(s)ds + Xo/tf(s)ds, for t > 0.
0 0

Applying Theorem 2.10, we conclude that for all ¢ € X Eq.(6.3) has a unique integral
solution which is given by the following formula

(6.4) u(t) =U(t)p+ lim tU(t — $)ByXof(s)ds, for t >0,

A—+00 /)
where By = A(M — Ay)~L.
Theorem 6.5. Let x be an integral solution of Eq.(6.1). Then, the function u given by
u(t) =z, fort>0,

is the unique integral solution of (6.3). Conversely, if u is an integral solution of Eq.(6.53),
then the function x defined by

w()(0), ift>0,
=(t) :{ so((t))f 2ft <0,

is an integral solution of Eq.(6.1).

Proof. Let ¢ € X and z be the integral solution of Eq.(6.1). It suffices to show that the
function u defined by

(6.5) u(t) = xy, for t >0,
is an integral solution of Eq.(6.3). Let ¢t > 0. Then,
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We deduce that

Ay (/Ot:csds> =z — ¢+ Xo (A/Otx(s)ds+L(/0txsds> —x(t)+90(0)).

On the other hand, x is given by

2(8) = (0) + A/Ot:v(s)ds ) (/Ot xsds> + /Otf(s)ds.

o) =+ [ utsds + X [ Js)ds

Then, u is an integral solution of Eq.(6.3) and we have the following formula
t

u(t) = Ut)p+ Jim | Ut- $)BrxXof(s)ds, fort > 0.
—_— o0 0

It follows that

Let now u be an integral solution of Eq.(6.3). Then, u satisfies the following translation
property
_J u(t+0)(0),ift+60>0,
u(t)(0) = { o(t+0), ift+6<0.
In fact, if t + 6 > 0, we have
t

u(t)(0) = Ut)g) (0) + tim [ (U= $)BrXof(s)) (0)ds.

Then
w0 = W+ 09 O+ T [ (V40— 9BXof () (0)ds

t —~
lim (U(t — $)BrXo f(s)) (6)ds.
A=+00 Jitg
This implies that
t

u(t)(6) = u(t +6)(0) + lim_ (U(t — $)Br X, f(s)) (6)ds.
t+6
Furthermore,

lim (B@jxo f(s)) (t—s+0)ds= lim [ TONATL(N)f(s)ds.

A—400 t+6 A——400 t+6
Which gives that

t

lim ATFINATL(N) f(s)ds = 0.

A=t00 Jitg
The translation property implies that x; = u(t), for t > 0. Consequently,
t t
=9+ Ay | x.ds+ XO/ f(s)ds, fort>0.
0 0

As above, we get that x is an integral solution of Eq.(6.1).
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7. Hyperbolicity and Boundedness

In this section, we are concerned with the existence of bounded solutions of Eq.(6.1) in
hyperbolic case.

Definition 7.1. We say that the semigroup (U(?)),, is hyperbolic if
O'(AU) NiR = @

From the compactness of the semigroup (U(t)),, and from[21], we get the following result
on the spectral decomposition of the phase space X.

Theorem 7.2. [21] Assume that (H3) holds. If the semigroup (U(t)),s, is hyperbolic,
then the space X is decomposed as a direct sum X = S@®US of two U(t) invariant closed
subspaces S and US' such that the restricted semigroup on US is a group and there exist
positive constants M and ~ such that

U(t)pl < Me o], >0, p€ S
|U(t)p| < Mep|, t <0, peUS

We give now our first main result of this section.

Theorem 7.3. Assume that (H3) holds and the semigroup (U(t)),s, is hyperbolic. Let

B represent B(R™), B(R") or B(R), the set of bounded continuous functions from R™,
R* or R respectively to E. Let m : B — B be a projection onto the integral solutions of
Equation (6.1) (for any ¢ € X ) which are in B. Then, for any f € B, there is a unique
solution Kf € B of Eq.(6.1) (for some ¢ € X ) such that tKf =0 and K : B — B is a
continuous linear operator. Moreover,

(i) for B= B(R"™), we have

m(B)= {z:R™ — E, there exists p € US
such that x(t) = (U(t)p) (0), t <0}

and
t

k= i [0 (Boo) i

lim | U(t—7) (B\;\Xof(T)> v dr.

A—+o0 /o
(ii) For B = B(R"), we have

m(B) = {z:R" — E, there exists p € S
such that x(t) = (U(t)p) (0), t >0}

and
t

wp= i [vi=) (Bxos () dr+

— Us
lim lim [ U(t—1) <B)\X0f(7')> dr.

§—+00\—+00 s
(iii) For B = B(R), we have
m(B) = {0}
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and
¢

k0= i [0 (B i

— Us
lim lim [ U(t—7) (B)\Xof(T)> dr.

S—+00A——+00 s

Proof. Corollary 7.2 implies that U(t) (US) C US. Then,
{z:R™ — E, there exists ¢ € US such that z(t) = (U(t)p) (0), t <0}

is a subspace of 7(B(IR7)). Conversely, let ¢ € S and u(.,¢) be the integral solution of
Eq.(1.1) in S, which is bounded on R™. Assume that there is a ¢t € (—o0, 0] such that
u(., ) # 0. Then, for any s € (—o0,t), we have

w (o, 0) = Ut — s)us(., ¢).
Thanks to Theorem 7.2 we have
(- 0)| < Me ") Jug (L 9)|, s <t

Since u(., ¢) is bounded, we deduce that ug(., ) = 0. Therefore,

m(B(R7)) € {z:R™ — E, there exists ¢ € US
such that z(t) = (U(t)p) (0), t <0}.

In the same manner, one can prove the same relations for B(R*) and B(R).

Let f € B(R™) and u = u(.,p, f) be a solution of Eq.(6.1) in B(R™), with initial value
¢ € X. Then, the function u can be decomposed as

ut:ugs—l—uf,

where uV® € US and uf € S are given by

t

— Us
(7.1) u? =U(t — s)u?® + lim Ut —r) (B)J(Qf(T)) dr, fort,s € R,

A—+400 s

t

—~ S
(72) WS =U{t—s)uS+ lim [ Ut—r1) (BAXO f(T)) dr, for s <t <0,

A——+400 s

since U(t) is defined on US for all ¢ € R. By Theorem 7.2, we deduce that

t

— s
(7.3) uf = lim lim Ult—r) (B)\Xof(T)> dr, for t <0.

§——00A——+00 s

By Lemma 6.2, we get ByXo = Ae¥A~1(\). Thus,

~ Sl — MM
Ut —7) (BaXof(r)) | < Me 4" sup | f(7)].
— W1 r€(—00,0]
Consequently, we get
MM
(7.4) uf| < —— sup [f(7)],t <0.
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We have proved that
t —~ Us
u = U(t)pUs + /\lirf Ut—r) (B,\Xof(T)> dr+
(7.5) oo N ;
lim Alirf U(t—r) <B,\Xof(7')> dr, fort <O0.

We obtain also, for t < 0, the following estimate
(7.6)
t

U+ tm [ UG -7) (BXof(r)  dr

<M "+ —— sup |f(7)].
A—+00 [

Y re(—o00,0]

Conversely, we can verify that the expression (7.5) is a solution of Eq.(6.1) in B(R™)
satisfying the estimates (7.4) and (7.6) for every ¢ € X. Let u = u(., Y7, f) be defined
by (7.5) and let £ : B(IR™) — B(R™) be defined by Kf = (I — ) u(.,0, f). We can easily
verify that

u (., Y%, 0) = U(t)p”,

(I —m)u(.,",0) =0,

u('7 SOUS’ f) = U(., QOUsv O) + U(., 0, f)

Therefore, K is a continuous linear operator on B(IR™), Kf satisfies Eq.(6.1) for every
f € B(R"), 7K =0 and K is explicitly given by Theorem 7.3.
For B(R") and B(R) the proofs are similar. This completes the proof of Theorem 7.3.

We consider now the following nonlinear partial functional differential equation

d
(7.7) () = Au(t) + Lu) + g(t,ui). t € R
and its integrated form
t —~
(7.8) u=U(t)p+ lim U(t — s)BxXog(s, us)ds,

A—400 0

where g is continuous from R x Cg into £. We assume that

(H4) ¢(t,0) = 0 for t € R and there exists a nondecreasing function « : [0, +00) —
0, +00) with fllincl)a(h) =0 and

g(t, 1) — g(t,02) < a(h)|or — 2| for 1,02 € Cr,lp1], w2 < h, t€R.

Proposition 7.4. Assume that (H3), (H4) hold and the semigroup (U(t)),s, s hyper-
bolic. Then, there exists h > 0 and ¢ € ]0,h[ such that for any ¢ € S with |p| < ¢,

Eq.(7.8) has a unique bounded solution u : [—r,+00) — E with |u| < h fort > 0 and
S

UO - SO.

Proof. Let ¢ € S. By Theorem 7.7, it suffices to establish the existence of a bounded
solution w : [—r, +00) — E of the following equation
t

— s
w= U(t)p+ /\lirf U(t—) (B,\Xog(T, u7)> dr+
t

— Us
lim lim [ U(t—71) <BAX0g(7', uT)) dr.

§—+00A——+00 s
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Let (u™),en be a sequence of continuous functions from [—r, +00) to E, defined by
u’ = Ut)y
t — s
u™ = Ut)p+ lim / U(t - 1) (BrXog(r,u™)) dr
—400 0

t

— )\ VS
lim lim [ U(t—71) <B,\Xog(7,uT )> dr.

S—+00A—+00 s

(n)

It is clear that (u = ¢. Moreover, we can choose h > 0 and ¢ € ]0, h[ small enough

such that, if [p| < € then u§")’ <h fort>0.
On the other hand, we have

ugnﬂ) / MMe= 7 a(h) u™ — Y drt
MMeV(t Ta(h) ‘u(n) — " dr,
t
By induction we get
n 2MMa(h)\"
ug +1)—ut <—a()> , t>0.
Y

We choose h > 0 such that L

2MMa(h) 1

v 2’

Consequently, the limit v := lim «(™ exists uniformly on [, +00) and u is continuous

n—>+oo
on [—r,+00). Moreover, |u;] < h for t > 0 and uj = ¢. In order to prove that u is a
solution of Eq.(7.8), we introduce the following notation

v(t) =

t

— s
u — U(t)p — /\lim U(t—r) (B)\XOQ(T, uT)> dr

— 400 0

t

— Us
— lim lim [ U(t—71) (B,\Xog(T, uT)> dr|.

s—+00A—+00 [

We obtain
v(t) < Ju — uﬁ”“)
t o S — (n) S
+ )\lim / U(t — 7’) ((BAXQQ(T, UT)> - <BAX09(T> Ur )) )dT

t

— Us s Us
lim lim [ U(t—r7) ((B,\Xog(T, u7)> - (B,\Xog(ﬂ USM)) > dr|.

S—+00A—+00 s

Moreover, we have
+00

wy — u§n+1) _ Z <u§k+1) _ ugm) '
k=n-+1
It follows that

o(®) < 2h {1+2MMa(h)] i"’ (2@\?(}1))’“'
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Consequently, v = 0 on [0, +00). To show the uniqueness suppose that w is also a solution
of Eq.(7.8) with |w;| < h for ¢t > 0. Then,

lim /0 tU(t —7) ((Exog<r, wT)>S - (E}Xog(r, ui”)))s) dr

(n—i—l)’ <
T A=+

_|_

— Us s )\ VS
lim lim [ U(t—r7) ((B,\Xog(T, w7)> - <B/\X09(7'a ur' )) > dr|.

S—+00A—+00 s

This implies

2M Ma(h)
gl

This proves the uniqueness and completes the proof.

) — 0, asn — +oo.

wy — u%nﬂ)‘ < 2h (

8. Periodic and almost periodic solutions

In this section, we are concerned with the existence of periodic and almost periodic
solutions of Eq.(6.1). As a consequence of the hyperbolicity, we obtain the following
result.

Corollary 8.1. Assume that (H3) holds and the semigroup (U(t)),s, 4s hyperbolic. If the
function f is w—periodic, then the only bounded solution of Eq.(6.1) given by Theorem
7.3 is also w—periodic.

Proof. Let u be the unique bounded solution of Eq.(6.1). The function u(. + w) is also
a bounded solution of Eq.(6.1). The uniqueness property implies that u = u(. + w).

We are concerned now with the existence of almost periodic solution of Eq.(6.1). Let
B(R, E) be the space of bounded continuous function from R to F provided with the
uniform norm topology.

Definition 8.2. [29] A function h € B(RR, F) is said to be almost periodic if and only if
the set

{h, : 0 € R},
where g, is defined by h,(t) = h(t + o), for t € R, is relatively compact in B(R, E).

Theorem 8.3. Assume that (H3) holds and the semigroup (U(t)),, is hyperbolic. If the
function f is almost periodic, then the only bounded solution of Eq.(6.1) is also almost
periodic.

Proof. Define the operator () by

@@= (i [ vie-n (Bxuso) ar) 0

A—+400
£’ — Uus
+ (AETOO / Ut —7) (BAXO f(T)) dT) (0), for t € R.
+o00o
Then, @ is a bounded linear operator from B(RR, E) into B(RR, E'). By a sample compu-
tation, we obtain
(Qf), =Q(fs), foro €R.
By the continuity of the operator @, we deduce that Q({f, : o € R}) is relatively compact

in B(R, E). This implies that if the function f is almost periodic, then the only bounded
solution of Eq.(6.1) is also almost periodic.
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We are concerned now with the existence of almost periodic solutions of Equation (7.8).
We assume that

(H5) g is almost periodic in ¢ uniformly in any compact set of Cg. This means that for
each ¢ > 0 and any compact set K of Cg there exists I, > 0 such that every interval of
length [. contains a number 7 with the property that

sup |g(t+7,9) — g(t, 9)| <e.
tE]R,goeK
It’s well known that if the function g is almost periodic in ¢ uniformly in any compact set
of Cg and if v is an almost periodic function, then the function ¢ — ¢(t,v;) is also almost
periodic.

(H6) [g(t,01) — g(t, 02)| < ki1 — 2|, t € R and p1, 2 € X.

Proposition 8.4. Assume that (H3), (H5) and (H6) hold. If the semigroup (U(t)),s,
is hyperbolic, then for ki small enough, FEq.(7.8) has a unique almost periodic solution.

Proof. Let AP(R, E) be the Banach space of almost periodic functions from R to E
endowed with the uniform norm topology. Consider the operator H defined on AP(RR, E)
by

Hv = u,

where u is the unique almost periodic solution of Eq.(6.1) with f = ¢g(.,v.). By a sample
computation, we can see that there exists a positive constant Ky such that

|H1}1 — HU2| < klk’g |U1 —?}2|, U1,V € AP(]R, E)

If k; is chosen such that kiks < 1, then the map H is a strict contraction in AP(R, E).
We deduce that H has a unique fixed point in AP(R, E), which gives an almost periodic
solution of Eq.(7.8).

9. Application

To illustrate the above results, we consider the following partial functional differential
equations with diffusion which describes the evolution of a single diffusive animal species
with population density u. For more details, about this model, we refer to [47].

a 82 0
aw(t,f) = aa—gzw(t,f) + bw(t, &) + c/_TG(Q)w(t +6,8)d0 + f(w(t —r,¢)),
(9.1) t>0,0<E<m,

w(t,0) =w(t,m) =0, t >0,

w(0,8) = wo(0,€), —r<0<0,0<E <.

where a,b, ¢ and r are positive constants, f : IR — IR is a continuous function, G :
[—7,0] — IR continuous and wy : [—7,0] x [0, 7] — IR is a continuous function. In order
to rewrite Eq.(9.1) in the abstract equation (1.1), we introduce E = C ([0, 7];IR), the
space of continuous function from [0, 7| to IR, provided with the uniform norm topology
and we the linear operator A : D(A) C E — E by

{ D(A) ={y € C*([0,7]; IR) : y(0) = y(7) = 0},
Ay = ay’.
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It is well-known, see [19], that

(0, +00) € p(4),
|(M — A)” |<1 for A > 0.

This implies that Assumption (H,) is satisfied. On the other hand, we can see that

D(A) = {y € E:y(0) = y(r) = 0} # E.
Set

z(t)(§) = w(t,§),t =0, £ €[0,7],
P(0)(€) = wo(0,€),0 < 0, 56[077T
(€

F(6)(€) = bo(0)(€) + >+c/G (€)db, € € [0.7], 6 € Cp.

Then, Eq.(9.1) takes the following abstract form,

d

{ 1) = Ax(t) + F(w), ¢ 20,
o= @ € CE

We suppose that,

(i) f is locally Lipschitz continuous.

It follow that F is locally Lipschitz continuous. Let ¢ € Cp such that p(0) € D(A). Then,
Theorem 2.10 ensures the existence of a maximal interval of existence [—r,b,,) and a
unique integral solution w(t,£) on [—r,by,) x [0, 7].

To investigate that the integral solution w of Eq.(9.1) is a strict one, we add the following
assumptions

(ii) f is continuously differentiable and f’ is locally Lipschitz continuous,

(iii) wo € C*([—r,0] x [0,7]; E), with %wo(o 0) = %wo(o ) =0 and

2

0
g710:6) = 5 0,6) + bun0.6)
v [ GOMN0.€)d8 + Flun(=r.). for € € [0.7].

Then, F' is continuously differentiable on Cg and for ¢,v¢ € Cg, £ € [0, 7], we have
0

F'()()(€) = by (0)(§) + C/ GO (0)(§)do + f/(d(=r) ()P (=r)(E).

—00

F" is also locally Lipschitz continuous on Cg. Consequently, all the conditions in Theorem
5.2 are satisfied. Hence, w is a strict solution of Eq. (9.1).
In order to study the stability, we assume that,

(iv) f is continuously differentiable at 0, f(0) =0, f/(0) =0 and f is globally Lipschitz.
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Then, F' is continuously differentiable at 0 with F(0) =0 and F' is globally Lipschitz
on Cg. Consider the linearized equation of (9.1) corresponding to the derivative F’(0) at
0,

0

aggs(t ) +bult &) + /G(@)w(t+0,§)d0,t20,0§§§7r

w(t,0) =w(t,m) =0, t >0,

(€)= a”

(9.2)

| w(0,8) =wp(6,€), —r<0<0,0<E< T
Let Ay be the part of the operator A in D(A) given by

{ D(Ag) ={y € C*([0,7]; R) : y(0) = y"(0) = y(m) = y"(7) = 0},
Aoy = ay”.

Then, Ay generates a strongly continuous semigroup on D(A) which is compact. Let
Ay be the infinitesimal generator of the solution semigroup associated to Eq.(9.2) and
o,(Ay) denote the point spectrum of Ay. Then, A € 0,(Ay) if and only if there exists
¢ € D(Ay), ¢ # 0 such that Ap¢ = \¢. It follows that ¢(0) = My withy # 0,y € D(A)
and Ay = Ay + F'(0)(e*y). It follows that A € 0,(Ay) if and only if there exists y € D(A)
and y # 0 such that

0
Ay =Ay+by+c (/ G(@)ewd@) Y

This means that .
A—b— c/ G(0)eMdl € o,(A) = 0,(Ap).

We know that the point spectrum o,(Ag) of Ay is given by
op(Ag) = {—an® :n e IN*}.

Hence, the exponential stability of solutions of Eq.(9.2) is determined by the following
characteristic equation

0
(9.3) A—b— c/ G(0)eMdf = —an?®, n > 1.
0
Lemma 9.1. Assume that G is a positive function, / G(0)dd =1 and ¢ < a—b. Then,

'

all roots of Eq.(9.3) have negative real part.
Proof. Taking the real part in the characteristic Eq.(9.3), we get the following

0
Re(A\) = b+ c/ G/(6)eReN? cos(Im(N))dh — an?,

which implies that
0
Re(\) <b+c / G(6)eRN cos(Im(M\0))dh — a
and

Re(A) <b+c—a<0.
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Consequently, we deduce that all characteristic values have negative real part, which
implies that the solution semigroup associated to Eq.(9.2) is exponentially stable.
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