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Abstract: The purpose of this work is to discuss the fundamental theory for a class
of partial functional differential equations with a non dense domain. We assume that
the linear part is not necessarily densely defined and satisfies the known Hille-Yosida
condition. We suppose that the nonlinear part is locally Lipschitz continuous. We prove
the existence of mild and strict solutions. When the solutions are globally defined, we
give a linearized principal near an equilibrium. We investigated the stability and the
asymptotic behavior of solutions of the linear equations. We prove that the behavior of
solution is completely obtained by the so-called characteristic equation. We study the
existence of bounded solutions for nonhomogeneous equation. We prove the existence of
periodic or almost periodic solutions when the solution semigroup of the linear equation
is hyperbolic. Finally, we propose to study the stability for one dimensional reaction
diffusion model with delay arising in physical systems.
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1. Introduction

By a partial functional differential equation, we mean an evolution system described
by the following differential equation,

(1.1)

{
du

dt
(t) = Au(t) + F (ut), t ≥ 0

u0 = ϕ ∈ CE,

where CE :=C([−r, 0] ; E) , r > 0, denotes the space of continuous functions from [−r, 0]
to a Banach space E with the uniform convergence topology and A : D(A) ⊆ E → E
is a linear operator. For u ∈C([−r, b] ; E), b > 0 and t ∈ [0, b], ut denotes, as usual, the
element of CE defined by

ut(θ) = u(t + θ), for θ ∈ [−r, 0] .

1 This research is supported by TWAS grant under contract No: 03-030 RG/MATHS/AF/AC.
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The following model provides an example of such situation,
(1.2)




∂

∂t
w(t, ξ) =

∂2

∂ξ2
w(t, ξ) +

∫ 0

−r

w(t + θ, ξ)dµ(θ) + %(t, x), for t ≥ 0 and 0 ≤ ξ ≤ π,

w(t, 0) = w(t, π) = 0, for t ≥ 0,

w(θ, ξ) = w0(θ, ξ), for − r ≤ θ ≤ 0 and 0 ≤ ξ ≤ π,

where the initial data u0 is a given function from [−r, 0] × [0, π] to R, µ is a positive
measure on [−r, 0], % : R× [0, π] → R is a continuous function. Several classes of
differential equations, such as delayed reaction diffusion equations, wave equations and
age-dependent population equations can be reformulated as partial functional differential
equations. For more details about this topics, we refer to the book [47], which provides
several examples to demonstrate the fact that partial functional differential equations
arise from various physical systems including population ecology, control theory, climate
models, structured population models,.....

It is well known that if A is the infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (T (t))t≥0 in E or, equivalently

(i) D(A) = E,
(ii) there exist M ≥ 0, ω ∈ IR such that if λ > ω (λI − A)−1 ∈ L(E) and

∣∣(λ− ω)n (λI − A)−n
∣∣ ≤ M, for all n ∈ N,

then, the classical semigroup theory ensures the well posedness of Problem (1.1). See
for example Travis and Webb [44], Webb [45], Fitzgibbon [30], Kunish and Schappacher
[36] and the references therein. In [44], [45], [30] and [36], the authors assumed that F
is globally Lipschitz continuous from CE to E. They proved there results by using the
following variation-of-constants formula

u(t, ϕ) =





T (t)ϕ(0) +

∫ t

0

T (t− s)F (us(., ϕ))ds, for t ≥ 0

ϕ(t), for t ∈ [−r, 0] .

More recently, Parrott [40] established a result of local existence for Eq.(1.1), in the case
where A satisfies (i) and (ii) and F satisfies a locally Lipschitz condition. She used, in
the same paper, a result of Desch and Schappacher [20] to develop a principle of linearized
stability for Eq.(1.1).

In [2] and [28], Eq.(1.1) has been studied in the case when A has a non-dense domain and
(ii) holds. But, in this case, the perturbation considered is globally Lipschitz continuous.

In the present work we are investigating the case when : A satisfies (ii) with a non-
dense domain; and, F satisfies a locally Lipschitz condition. We prove the local existence
of solutions of Eq.(1.1) and in the case when F is globally Lipschitz continuous, we study
the problem of linearized stability near an equilibrium point. The method of proofs is
similar to that of Webb [46] and Parrott [39], [40].

Let us end this introduction with some considerations about the usefulness of such
results. Why to bother working with operators defined in non-dense domain ?
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First of all, there are many examples in the main domains where evolution equations can
be not densely defined. One can refer for this to [19] who provide many examples. Non-
density occurs, in many situations, from restrictions made on the space where the equation
is considered or from boundary conditions (for example, the space C1 with null value on
the boundary is non-dense in the space of continuous functions). All these operators
are naturally associated with delay differential equations in a variety of applications:
population dynamics is an example. As a trivial example, one can think of the classical
Lotka-Von Foerster equation, considered in the continuous case, and where one would
assume that individuals die with probability 1 beyond a certain age. One could object
that by suitably restriction the problem could be reduced to a C0−semigroup. This does
not work here since there is no reason in general that the function F takes its values in the
closure of the domain, that is to say, in the space where A determines a C0−semigroup.
On the other hand, the integrated semigroups theory allows the range of the operator F
to be in a subset of E.

2. Integrated semigroups

In this section, we collect some known definitions and results.

Definition 2.1. [12] Let E be a Banach space. A family (S(t))t≥0 ⊂ L(E) is called an
integrated semigroup if the following conditions are satisfied :
(i) S(0) = 0,
(ii) for any x ∈ E, S(t)x is a continuous function of t ≥ 0 with values in E,

(iii) for any t, s ≥ 0 S(s)S(t) =

∫ s

0

(S(t + τ)− S(τ))dτ.

Definition 2.2. [12] An integrated semigroup (S(t))t≥0 is called exponentially bounded,
if there exist constants M ≥ 0 and ω ∈ IR such that

|S(t)| ≤ Meωt for t ≥ 0.

If (S(t))t≥0 is an integrated semigroup, exponentially bounded, then the Laplace transform

R(λ) := λ

∫ +∞

0

e−λtS(t)dt exists for all λ > ω.

We have the following general definition.

Definition 2.3. [12] An operator A is called a generator of an integrated semigroup,
if there exists ω ∈ IR such that (ω, +∞) ⊂ ρ(A) (the resolvent set of A), and there
exists a strongly continuous exponentially bounded family (S(t))t≥0 of linear bounded

operators such that S(0) = 0 and R(λ,A) = λ

∫ +∞

0

e−λtS(t)dt for all λ > ω, where

R(λ,A) := (λI − A)−1, for λ ∈ ρ(A).

Similar results as for semigroups can be obtained for integrated semigroups.

Proposition 2.4. [12] Let A be the generator of an integrated semigroup (S(t))t≥0. Then,
for all x ∈ E and t ≥ 0,∫ t

0

S(s)xds ∈ D(A) and S(t)x = A

(∫ t

0

S(s)xds

)
+ tx.

Moreover, for all x ∈ D(A), t ≥ 0

S(t)x ∈ D(A), AS(t)x = S(t)Ax
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and

S(t)x =

∫ t

0

S(s)Ax ds + tx.

Corollary 2.5. [12] Let A be the generator of an integrated semigroup (S(t))t≥0. Then

for all x ∈ E and t ≥ 0 one has S(t)x ∈ D(A). Moreover, let x ∈ E. Then S(·)x is
right-sided differentiable in t ≥ 0 if and only if S(t)x ∈ D(A). In that case

S ′(t)x = AS(t)x + x.

An important special case is when the integrated semigroup is locally Lipschitz continuous
with respect to time.

Definition 2.6. [37] An integrated semigroup (S(t))t≥0 is called locally Lipschitz contin-
uous, if for all τ > 0 there exists a constant k(τ) > 0 such that

|S(t)− S(s)| ≤ k(τ) |t− s| , for all t, s ∈ [0, τ ] .

In this case, we know from [37], that (S(t))t≥0 is exponentially bounded.

Definition 2.7. [37] We say that a linear operator A is a Hille-Yosida operator if there
exist M ≥ 0 and ω ∈ IR such that (ω, +∞) ⊂ ρ(A) and

sup {(λ− ω)n |R(λ,A)n| , n ∈ N, λ > ω} ≤ M.

The following theorem shows that the Hille-Yosida condition characterizes generators of
locally Lipschitz continuous integrated semigroups.

Theorem 2.8. [37] The following assertions are equivalent.
(i) A is the generator of a locally Lipschitz continuous integrated semigroup,
(ii) A is a Hille-Yosida operator.

Remark 1. If A is the generator of an integrated semigroup (S(t))t≥0 on E, then, the

part AF of A in F = D(A) is the generator of a C0-semigroup (T (t))t≥0 on F and we have,

for x ∈ F, S(t)x =

∫ t

0

T (s)(x)ds, t ≥ 0. However, for x ∈ E \ F the function t → S(t)x is

not differentiable at any t ≥ 0.
In the sequel, we give some results for the existence of solutions of the following Cauchy

problem

(2.1)

{
du

dt
(t) = Au(t) + f(t), t ≥ 0,

u(0) = x ∈ E,

where A is a Hille-Yosida operator on E, without being densely defined. By a solution
of Eq.(2.1) on [0, T ] where T > 0, we understand a function u ∈ C1 ([0, T ] , E) satisfying
u(t) ∈ D(A) for t ∈ [0, T ] , such that the two relations in (2.1) hold.
The following definition is due to Da Prato and Sinestrari.

Definition 2.9. [19] Given f ∈ L1
loc(0, +∞; E) and x ∈ E, we say that u : [0, +∞) →

E is an integral solution of Eq.(2.1) if the following assertions are true
(i) u ∈ C([0, +∞) ; E),

(ii)

∫ t

0

u(s)ds ∈ D(A), for t ≥ 0,

(iii) u(t) = x + A

(∫ t

0

u(s)ds

)
+

∫ t

0

f(s)ds, for t ≥ 0.
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Remark 2. From this definition, we deduce that for an integral solution u, we have

u(t) ∈ D(A), for all t > 0, because u(t) = lim
h→0

1
h

∫ t+h

t

u(s)ds and

∫ t+h

t

u(s)ds ∈ D(A). In

particular, x ∈ D(A) is a necessary condition for the existence of an integral solution of
Eq.(2.1). This is suggestive to solve Eq.(2.1) by the variation-of-constants formula where
S(t) is the integrated semigroup generated by A.

Theorem 2.10. [18] Suppose that A is a Hille-Yosida operator on E, x ∈ D(A) and
f : [0, +∞) → E is a continuous function. Then Eq.(2.1) has a unique integral solution
which is given by the following variation of constants formula

(2.2) u(t) = S ′(t)x +
d

dt

∫ t

0

S(t− s)f(s)ds, for t ≥ 0,

Furthermore, the function u satisfies the following estimate,

|u(t)| ≤ Meωt(|x|+
∫ t

0

e−ωs |f(s)| ds), for t ≥ 0.

Note that Theorem 2.10 also says that

∫ t

0

S(t− s)f(s)ds is differentiable with respect to

t.

3. Local existence and regularity of solutions

In the following, we assume that

(H1) A is a Hille-Yosida operator.

(H2) F : CE → E is locally Lipschitz continuous, i.e., for each ρ > 0 there exists a
constant C0(ρ) > 0 such that if ϕ1, ϕ2 ∈ CE and |ϕ1| , |ϕ2| ≤ ρ then

|F (ϕ1)− F (ϕ2)| ≤ C0(ρ) |ϕ1 − ϕ2| .
We know from Theorem 2.8 that A is the generator of a locally Lipschitz continuous
integrated semigroup (S(t))t≥0 on E and |S(t)| ≤ Meωt, for t ≥ 0.

Definition 3.1. We say that a function u : [−r, +∞) → E is an integral solution of
Eq.(1.1) if the following conditions are true,
(i) u ∈ C([−r, +∞) ; E),
(ii) u0 = ϕ,

(iii)

∫ t

0

u(s)ds ∈ D(A), for t ≥ 0,

(iv) u(t) = ϕ(0) + A

(∫ t

0

u(s)ds

)
+

∫ t

0

F (us)ds, for t ≥ 0.

Definition 3.2. We say that a function u : [−r, +∞) → E is a strict solution of Eq.(1.1)
if the following conditions hold,
(i) u ∈ C1([0, +∞) ; E) or C ([0, T ] ; D (A))
(ii) u0 = ϕ,
(iii) u satsfies Eq.(1.1), for t ≥ 0,

From the closedness property of the operator A, we can see that the following result hold.
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Proposition 3.3. (i) If u is an integral solution of Eq.(1.1) in [−r, a], then for all t ∈
[0, a] , u(t) ∈ D(A). In particular ϕ(0) ∈ D(A).
(ii) If u is an integral solution of Eq.(1.1) in [−r, a], such that u belongs to C1([0, a] ; E)
or C([0, a] ; D(A)), then u is also a strict solution of Eq.(1.1) in [−r, a].

By theorem 2.10, if the integral solution u exists, then it is given by the following variation
of constants formula,

(3.1) u(t) =





S ′(t)ϕ(0) +
d

dt

∫ t

0

S(t− s)F (us)ds, for t ∈ [0, T [

ϕ(t), for t ∈ [−r, 0] .

Theorem 3.4. Suppose that (H1) and (H2) are satisfied. Let ϕ ∈ CE be such that

ϕ(0) ∈ D(A). Then, there exists a maximal interval of existence [−r, Tϕ[ , Tϕ > 0, and a
unique integral solution u(., ϕ) of Eq.(1.1), defined on [−r, Tϕ[ and either

Tϕ = +∞ or lim sup
t→T−ϕ

|u(t, ϕ)| = +∞.

Moreover, u(t, ϕ) is a continuous function of ϕ, in the sense that if ϕ ∈ CE, ϕ(0) ∈ D(A)
and t ∈ [0, Tϕ[ , then there exist positive constants L and ε such that, for ψ ∈ CE, ψ(0) ∈
D(A) and |ϕ− ψ| < ε, we have

t ∈ [0, Tψ[ and |u(s, ϕ)− u(s, ψ)| ≤ L |ϕ− ψ| , for all s ∈ [−r, t] .

Proof. Note that (H2) implies that, for each ρ > 0 there exists C0(ρ) > 0 such that for
ϕ ∈ CE and |ϕ| ≤ ρ, we have

|F (ϕ)| ≤ C0(ρ) |ϕ|+ |F (0)| ≤ ρC0(ρ) + |F (0)| .
Let ϕ ∈ CE, ϕ(0) ∈ D(A), ρ = |ϕ| + 1, c1 = ρC0(ρ) + |F (0)| and T1 > 0. Consider the
following set

Zϕ =

{
u ∈ C ([−r, T1] ; E) : u (s) = ϕ (s) if s ∈ [−r, 0] and sup

0≤s≤T1

|u(s)− ϕ(0)| ≤ 1

}
,

where C ([−r, T1] , E) is endowed with the uniform convergence topology. It’s clear that
Zϕ is a closed set of C ([−r, T1] , E) . Consider the mapping

H : Zϕ → C ([−r, T1] , E)

which is defined by

H (u) (t) =





S ′(t)ϕ(0) +
d

dt

∫ t

0

S(t− s)F (us)ds, for t ∈ [0, T1]

ϕ(t), for t ∈ [−r, 0] .

Note that a fixed point of H is an integral solution of Eq.(1.1).We will show that

H (Zϕ) ⊆ Zϕ.

Let u ∈ Zϕ and t ∈ [0, T1], we have, for suitable constants M and ω

|H (u) (t)− ϕ(0)| ≤ |S ′(t)ϕ(0)− ϕ(0)|+
∣∣∣∣
d

dt

∫ t

0

S(t− s)F (us)ds

∣∣∣∣ ,

≤ |S ′(t)ϕ(0)− ϕ(0)|+ Meωt

∫ t

0

e−ωs |F (us)| ds.
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We can assume, without loss of generality, that ω > 0. Then,

|H (u) (t)− ϕ(0)| ≤ |S ′(t)ϕ(0)− ϕ(0)|+ Meωt

∫ t

0

|F (us)| ds.

Since |u(s)− ϕ(0)| ≤ 1, for s ∈ [0, T1] , and ρ = |ϕ| + 1, we obtain |u(s)| ≤ ρ, for
s ∈ [−r, T1] . Then, |us| ≤ ρ, for s ∈ [0, T1] and

|F (us)| ≤ C0(ρ) |us|+ |F (0)| ,
≤ c1.

Consider the constant T1 > 0 sufficiently small such that

sup
0≤s≤T1

{|S ′(s)ϕ(0)− ϕ(0)|+ Meωsc1s} < 1.

We deduce that

|H (u) (t)− ϕ(0)| ≤ |S ′(t)ϕ(0)− ϕ(0)|+ Meωtc1t
< 1.

Hence,

H (Zϕ) ⊆ Zϕ.

On the other hand, let u, v ∈ Zϕ and t ∈ [0, T1]. We have

|H (u) (t)−H (v) (t)| =

∣∣∣∣
d

dt

∫ t

0

S(t− s)(F (us)− F (vs))ds

∣∣∣∣ ,

≤ Meωt

∫ t

0

|F (us)− F (vs)| ds,

≤ MeωtC0 (ρ)

∫ t

0

|us − vs| ds,

≤ MeωT1C0 (ρ) T1 |u− v|C([−r,T1],E) .

Note that ρ ≥ 1, then

MeωT1C0(ρ)T1 ≤ MeωT1c1T1,
≤ sup

0≤s≤T1

{|S ′(s)ϕ(0)− ϕ(0)|+ Meωsc1s} ,

< 1.

Then, H is a strict contraction in Zϕ and H has one and only one fixed point u in Zϕ.
We conclude that Eq.(1.1) has one and only one integral solution which is defined on the
interval [−r, T1]. Let u(., ϕ) be the unique integral solution of Eq.(1.1), defined on it’s
maximal interval of existence [0, Tϕ[ , Tϕ > 0. Assume that Tϕ < +∞ and

lim sup
t→T−ϕ

|u(t, ϕ)| < +∞.

Then, there exists a constant ρ > 0 such that |u(t, ϕ)| ≤ ρ, for t ∈ [−r, Tϕ[. Let t, t + h ∈
[0, Tϕ[ , h > 0, and θ ∈ [−r, 0]. If t + θ ≥ 0, we obtain

|u(t + θ + h, ϕ)− u(t + θ, ϕ)| ≤ |(S ′(t + θ + h)− S ′(t + θ))ϕ(0)|
+

∣∣∣∣
d

dt

∫ t+θ+h

0

S(t + θ + h− s)F (us, ϕ)ds− d

dt

∫ t+θ

0

S(t + θ − s)F (us, ϕ)ds

∣∣∣∣ ,
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≤ |S ′(t + θ)| |S ′(h)ϕ(0)− ϕ(0)|+
∣∣∣∣
d

dt

∫ t+θ+h

t+θ

S(s)F (ut+θ+h−s, ϕ)ds

∣∣∣∣

+

∣∣∣∣
d

dt

∫ t+θ

0

S(s) (F (ut+θ+h−s, ϕ)− F (ut+θ−s, ϕ)) ds

∣∣∣∣ .

This implies that,

|ut+h(θ, ϕ)− ut(θ, ϕ)| ≤ MeωTϕ |S ′(h)ϕ(0)− ϕ(0)|+ MeωTϕc1h

+MeωTϕC0(ρ)

∫ t

0

|us+h(., ϕ)− us(., ϕ)| ds.

If t + θ < 0. Let h0 > 0 sufficiently small such that, for h ∈ ]0, h0[

|ut+h(θ, ϕ)− ut(θ, ϕ)| ≤ sup
−r≤σ≤0

|u(σ + h, ϕ)− u(σ, ϕ)| .

Consequently, for t, t + h ∈ [0, Tϕ[ , h ∈ ]0, h0[ ;

|ut+h(., ϕ)− ut(, ϕ)| ≤ δ(h) + MeωTϕ (|S ′(h)ϕ(0)− ϕ(0)|+ c1h)

+MeωTϕC0(ρ)

∫ t

0

|us+h(., ϕ)− us(., ϕ)| ds,

where
δ(h) = sup

−r≤σ≤0
|u(σ + h, ϕ)− u(σ, ϕ)| .

By Gronwall’s Lemma, it follows

|ut+h(., ϕ)− ut(, ϕ)| ≤ β(h) exp
[
C0(ρ)MeωTϕTϕ

]
,

with
β(h) = δ(h) + MeωTϕ [|S ′(h)ϕ(0)− ϕ(0)|+ c1h] .

Using the same reasoning, one can show the same result for h < 0. It follows immediately,
that lim

t→T−ϕ
u(t, ϕ) exists. Consequently, u(., ϕ) can be extended to Tϕ, which contradicts

the maximality of [0, Tϕ[ .
Next, we prove now that the solution depends continuously on the initial data. Let

ϕ ∈ CE, ϕ(0) ∈ D(A) and t ∈ [0, Tϕ[. We put

ρ = 1 + sup
−r≤s≤t

|u(s, ϕ)|

and
c(t) = Meωt exp

(
MeωtC0(ρ)t

)
.

Let ε ∈ ]0, 1[ such that c(t)ε < 1 and ψ ∈ CE, ψ(0) ∈ D(A) such that

|ϕ− ψ| < ε.

We have
|ψ| ≤ |ϕ|+ ε < ρ.

Let
T0 = sup {s > 0 : |uσ(., ψ)| ≤ ρ for σ ∈ [0, s]} .

If we suppose that T0 < t, we obtain for s ∈ [0, T0] ,

|us(., ϕ)− us(., ψ)| ≤ Meωt |ϕ− ψ|+ MeωtC0(ρ)

∫ s

0

|uσ(., ϕ)− uσ(., ψ)| dσ.
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By Gronwall’s Lemma, we deduce that

(3.2) |us(, ϕ)− us(, ψ)| ≤ c(t) |ϕ− ψ| .
This implies that

|us(., ψ)| ≤ c(t)ε + ρ− 1 < ρ, for all s ∈ [0, T0] .

It follows that T0 cannot be the largest number s > 0 such that |uσ(., ψ)| ≤ ρ, for
σ ∈ [0, s] . Thus, T0 ≥ t and t < Tψ. Furthermore, |us(., ψ)| ≤ ρ, for s ∈ [0, t], then using
the inequality (3.2) we deduce the dependence continuous with the initial data.

Theorem 3.5. Assume that the hypothesis of Theorem 5.2 hold. Furthermore, assume
that F : CE → E is continuously differentiable and F ′ : CE → L(CE, E) satisfies the locally
Lipschitz condition (H2), i.e., for each ρ > 0 there exists a constant C1(ρ) > 0 such that
if ϕ1, ϕ2 ∈ CE and |ϕ1| , |ϕ2| ≤ ρ then

|F ′(ϕ1)− F ′(ϕ2)| ≤ C1(ρ) |ϕ1 − ϕ2| .
Let for given ϕ ∈ C1

E := C1 ([−τ, 0] , E) such that

ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A) and ϕ′(0) = Aϕ(0) + F (ϕ),

and u(., ϕ) : [−r, Tϕ[ → E be the unique integral solution of Eq.(1.1). Then, u(., ϕ) is a
strict solution of Eq.(1.1) on [−r, Tϕ[.

Proof. Let ϕ ∈ C1
E such that ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A) and ϕ′(0) = Aϕ(0) + F (ϕ).

Let u := u(., ϕ) be the unique integral solution of Eq.(1.1) on [−r, Tϕ[ and T1 ∈ ]0, Tϕ[.
It’s clear that, there exists a unique function v : [0, T1] → E which solves the following
integral equation

v(t) =





S ′(t)ϕ′(0) +
d

dt

∫ t

0

S(t− s)F ′(us)vsds, for t ∈ [0, T1] ,

ϕ′(t), for t ∈ [−r, 0] .

Define the function w by

w(t) =





ϕ(0) +

∫ t

0

v(s)ds, for t ∈ [0, T1]

ϕ(t), for t ∈ [−r, 0] .

We will prove that u = w. Using the expression satisfied by v, we obtain, for t ∈ [0, T1]

w(t) = ϕ(0) + S(t)ϕ′(0) +

∫ t

0

S(t− s)F ′(us)vsds.

We have ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A) and ϕ′(0) = Aϕ(0) + F (ϕ), then

S(t)ϕ′(0) = S(t)Aϕ(0) + S(t)F (ϕ).

Using Corollary 2.5, we deduce that

S(t)ϕ′(0) = S ′(t)ϕ(0)− ϕ(0) + S(t)F (ϕ).

Moreover, we have
∫ t

0

S (t− s) F (ws) ds =

∫ t

0

S (s) F (wt−s) ds.
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The functions t → wt and F are continuously differentiable. It follows that the function

t →
∫ t

0

S (t− s) F (ws) ds

is continuously differentiable and

d

dt

∫ t

0

S (t− s) F (ws) ds = S (t) F (ϕ) +

∫ t

0

S (t− s) F ′ (ws) vsds.

We deduce that

S (t) F (ϕ) =
d

dt

∫ t

0

S (t− s) F (ws) ds−
∫ t

0

S (t− s) F ′ (ws) vsds.

Consequently w satisfies, for t ∈ [0, T1]

w(t) = S ′(t)ϕ(0) + S(t)F (ϕ) +

∫ t

0

S(t− s)F ′(us)vsds.

This implies that

w(t) = S ′ (t) ϕ(0) +
d

dt

∫ t

0
S (t− s) F (ws) ds

− ∫ t

0
S (t− s) F ′ (ws) vsds +

∫ t

0
S (t− s) F ′ (us) vsds.

Consequently, we obtain

u (t)− w (t) =
d

dt

∫ t

0
S (t− s) (F (us)− F (ws)) ds

− ∫ t

0
S (t− s) (F ′ (us)− F ′ (ws)) vsds.

Then we deduce, for t ∈ [0, T1], that

|ut − wt| ≤ MeωT1

(∫ t

0

|F (us)− F (ws)| ds +

∫ t

0

|F ′ (us)− F ′ (ws)| |vs| ds

)
.

Let

ρ = max

(
sup

−r≤s≤T1

|u(s)| , sup
−r≤s≤T1

|v(s)| , sup
−r≤s≤T1

|w(s)|
)

.

There exist C0(ρ), C1(ρ) ≥ 0 such that if ϕ1, ϕ2 ∈ CE and |ϕ1| , |ϕ2| ≤ ρ, then

{ |F (ϕ1)− F (ϕ2)| ≤ C0(ρ) |ϕ1 − ϕ2| ,
|F ′(ϕ1)− F ′(ϕ2)| ≤ C1(ρ) |ϕ1 − ϕ2| .

This implies

|ut − wt| ≤ MeωT1 (C0(ρ) + ρC1(ρ))

∫ t

0

|us − ws| ds.

By the Gronwall’s Lemma, we deduce that u = w in [0, T1] .
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4. Stability and symptotic behavior

In this section, we give a result of linearized stability near an equilibrium point. By an
equilibrium, we mean a constant solution. Without loss of generality, we assume that 0
is an equilibrium. We keep the assumption (H1) as in Section 3 and instead of (H2), we
make the following hypothesis

(H′
2) : F is continuously differentiable, F (0) = 0 and F is globally Lipschitz continuous

on CE, i.e. for some positive constant α, one has

|F (ϕ1)− F (ϕ2)| ≤ α |ϕ1 − ϕ2| , for all ϕ1, ϕ2 ∈ CE.

From Theorem 5.2 and the Gronwall’s Lemma, Condition (H′
2) implies that, for all ϕ ∈ CE

such that ϕ(0) ∈ D(A), Eq.(1.1) has a unique integral solution which is defined on [0, +∞[
by

(4.1) u(t, ϕ) = S ′(t)ϕ(0) +
d

dt

∫ t

0

S(t− s)F (us(., ϕ))ds, for t ≥ 0.

Let X denote the phase space of Eq.(1.1) defined by

X =
{

ϕ ∈ CE : ϕ(0) ∈ D(A)
}

.

Define the following operator Ũ(t) on X for t ≥ 0 by

Ũ(t)(ϕ) = ut(., ϕ),

where u(., ϕ) is the unique integral solution of Eq.(1.1). Using the integral equation (6.2),
it’s easy to prove the following result.

Proposition 4.1. The family
(
Ũ(t)

)
t≥0

is a strongly continuous semigroup on X, that

is
(i) Ũ(0) = I,

(ii) Ũ(t + s) = Ũ(t)Ũ(s), for all t, s ≥ 0,

(iii) for all ϕ ∈ X, Ũ(t)(ϕ) is a continuous function of t ≥ 0 with values in X,

(iv) for all t ≥ 0, Ũ(t) is continuous from X into X.

(v)
(
Ũ(t)

)
t≥0

satisfies, for t ≥ 0 and θ ∈ [−τ, 0] the translation property

(
Ũ(t)(ϕ)

)
(θ) =

{ (
Ũ(t + θ)(ϕ)

)
(0), if t + θ ≥ 0

ϕ(t + θ), if t + θ ≤ 0,

(vi) there exit γ > 0 and M ≥ 0 such that,
∣∣∣Ũ(t)(ϕ1)− Ũ(t)(ϕ2)

∣∣∣ ≤ Meγt |ϕ1 − ϕ2| , for all ϕ1, ϕ2 ∈ X.

Consider the linearized equation of (1.1) corresponding to the derivative F ′(0) at 0

(4.2)

{
du(t)

dt
= Au(t) + F ′(0)ut, t ≥ 0

u0 = ϕ ∈ CE,

and let (U(t))t≥0 be the corresponding solution semigroup on X.
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Proposition 4.2. The derivative at zero of the nonlinear semigroup Ũ(t), t ≥ 0, associ-
ated to Eq.(1.1), is the linear semigroup U(t), t ≥ 0, associated to Eq.(4.2).

Proof. It enough to show that, for each ε > 0, there exists δ > 0 such that∣∣∣Ũ(t)(ϕ)− U(t)ϕ
∣∣∣ ≤ ε |ϕ| , for |ϕ| ≤ δ.

We have ∣∣∣Ũ(t)(ϕ)− U(t)ϕ
∣∣∣ = sup

θ∈[−r,0]

∣∣∣
(
Ũ(t)(ϕ)

)
(θ)− (U(t)ϕ) (θ)

∣∣∣ ,

= sup
θ∈[−r,0]

t+θ≥0

∣∣∣
(
Ũ(t)(ϕ)

)
(θ)− (U(t)ϕ) (θ)

∣∣∣ ,

and, for t + θ ≥ 0
(
Ũ(t)(ϕ)

)
(θ)− (U(t)ϕ) (θ) =

d

dt

∫ t+θ

0

S(t + θ − s)
(
F (Ũ(s)(ϕ))− F ′(0)(U(s)ϕ)

)
ds,

It follows that
∣∣∣Ũ(t)(ϕ)− U(t)ϕ

∣∣∣ ≤ Meωt

∫ t

0

e−ωs
∣∣∣F (Ũ(s)(ϕ))− F ′(0)(U(s)ϕ)

∣∣∣ ds

and ∣∣∣Ũ(t)(ϕ)− U(t)ϕ
∣∣∣ ≤ Meωt

(∫ t

0

e−ωs
∣∣∣F (Ũ(s)(ϕ))− F (U(s)ϕ))

∣∣∣ ds

+

∫ t

0

e−ωs |F (U(s)(ϕ))− F ′(0)(U(s)ϕ)| ds

)
.

By virtue of the continuous differentiability of F at 0, we deduce that for ε > 0, there
exists δ > 0 such that∫ t

0

e−ωs |F (U(s)ϕ)− F ′(0)(U(s)ϕ)| ds ≤ ε |ϕ| , for |ϕ| ≤ δ.

On the other hand, we obtain
∫ t

0

e−ωs
∣∣∣F (Ũ(s)(ϕ))− F (U(s)ϕ)

∣∣∣ ds ≤ α

∫ t

0

e−ωs
∣∣∣Ũ(s)(ϕ)− U(s)ϕ

∣∣∣ ds.

Consequently,
∣∣∣Ũ(t)(ϕ)− U(t)ϕ

∣∣∣ ≤ Meωt

(
ε |ϕ|+ α

∫ t

0

e−ωs
∣∣∣Ũ(s)(ϕ)− U(s)ϕ

∣∣∣ ds

)
.

By Gronwall’s Lemma, we obtain∣∣∣Ũ(t)(ϕ)− U(t)ϕ
∣∣∣ ≤ Mε |ϕ| e(αM+ω)t.

We conclude that Ũ(t) is differentiable at 0 and DϕŨ(t)(0) = U(t), for each t ≥ 0.

Definition 4.3. Let Y be a Banach space, (V (t))t≥0 a strongly continuous semigroup
of operators V (t) : W ⊆ Y → W, t ≥ 0, and x0 ∈ W an equilibrium of (V (t))t≥0 (i.e.,
V (t)x0 = x0, for all t ≥ 0). The equilibrium x0 is called exponentially asymptotically
stable if there exist δ > 0, µ > 0, k ≥ 1 such that

|V (t)x− x0| ≤ ke−µt |x− x0| for all x ∈ W with |x− x0| ≤ δ and all t ≥ 0.
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We have the following result.

Theorem 4.4. Suppose that the zero equilibrium of (U(t))t≥0 is exponentially asymptot-

ically stable, then zero is exponentially asymptotically stable equilibrium of
(
Ũ(t)

)
t≥0

.

The proof of this theorem is based on the following result.

Theorem 4.5. (Desh and Schappacher [20]) Let (V (t))t≥0 be a nonlinear strongly con-
tinuous semigroup of type γ on a subset W of a Banach space Y , i.e.

|V (t)x1 − V (t)x2| ≤ M ′eγt |x1 − x2| , for all x1, x2 ∈ W

and assume that x0 ∈ W is an equilibrium of (V (t))t≥0 such that V (t) is Fréchet-
differentiable at x0 for each t ≥ 0, with T (t) the Fréchet-derivative at x0 of V (t), t ≥ 0.
Then, (T (t))t≥0 is a strongly continuous semigroup of bounded linear operators on Y.
If the zero equilibrium of (T (t))t≥0 is exponentially asymptotically stable, then x0 is an
exponentially asymptotically stable equilibrium of (V (t))t≥0.

5. Spectral analysis and characteristic equation

In this section, we consider the following linear partial functional differential equation

(5.1)

{
du

dt
(t) = Au(t) + L(ut), t ≥ 0

u0 = ϕ ∈ CE,

where L is a bounded linear operator from CE to E. Let us introduce the part A0 of the
operator A in D(A), which is defined by

{
D(A0) =

{
x ∈ D(A) : Ax ∈ D(A)

}
,

A0 = A on D(A0).

For the sequel, we introduce the operators T0(t) = S ′(t), for t ≥ 0.

Lemma 5.1. [13] The operator A0 is the infinitesimal generator of (T0(t))t≥0 on D(A).

Moreover, formula (3.1) is equivalent to the following formula

(5.2) u(t) =





T0(t)ϕ(0) + lim
λ→+∞

∫ t

0

T0(t− s)BλL(us)ds, t ≥ 0,

ϕ(t), t ∈ [−r, 0] ,

where Bλ = λ(λI − A)−1. Let (U(t))t≥0 be the solution semigroup associated to Eq.
(5.1). In order to study the asymptotic behavior of solutions, we have first to compute
the infinitesimal generator AU of (U(t))t≥0.

Theorem 5.2. The infinitesimal generator AU of the semigroup (U(t))t≥0 on X is given
by 




D(AU) =

{
ϕ ∈ C1 ([−r, 0] ; E) : ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A)

and ϕ′(0) = Aϕ(0) + L(ϕ)} ,

AUϕ = ϕ′
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Proof. Let AU be the infinitesimal generator of the semigroup (U(t))t≥0 on X and let
ϕ ∈ D(AU). Then 




lim
t→0+

U(t)ϕ− ϕ

t
= ψ exists in X,

AUϕ = ψ.

The first expression implies that

lim
t→0+

ϕ(t + θ)− ϕ(θ)

t
= ψ(θ), for θ ∈ [−r, 0) .

On the other hand, we have

lim
t→0+

ϕ(t + θ)− ϕ(θ)

t
= D+ϕ(θ), for θ ∈ [−r, 0) ,

where D+ϕ is the right derivative of the function ϕ. Then, D+ϕ = ψ exists and is
continuous on [−r, 0). For the next, we need to use following lemma.

Lemma 5.3. ([41], Corollary 1.2, p. 43) Let ϕ be a continuous and right differentiable
function on [a, b). If the function D+ϕ is continuous on [a, b), then ϕ is continuously
differentiable on [a, b).

We deduce from this lemma that the function ϕ is continuously differentiable on [−r, 0)
and ϕ′ = ψ on [−r, 0). Note that ψ ∈ X. Then, lim

θ→0
ϕ′(θ) = ψ(0) exists. This proves

that the function ϕ is continuously differentiable on [−r, 0] and ϕ′ = ψ. On the other
hand, as ϕ ∈ D(AU), the semigroup t → U(t)ϕ is differentiable. This implies that the
integral solution u : t 7→ (U(t)ϕ) (0) of Eq.(1.1) is continuously differentiable on [0, +∞).
By Proposition 3.3, we deduce that u is a strict solution of Eq.(1.1). Then, we obtain

lim
t→0+

u(t)− ϕ(0)

t
= u′(0) = ϕ′(0) and u′(0) = Au(0) + L(u0).

Consequently,

ϕ′(0) = Aϕ(0) + L(ϕ).

We have proved that




D(AU) ⊆
{

ϕ ∈ C1 ([−r, 0] ; E) : ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A)

and ϕ′(0) = Aϕ(0) + L(ϕ)} ,

AUϕ = ϕ′

Consider now ϕ ∈ C1 ([−r, 0] ; E) such that

ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A) and ϕ′(0) = Aϕ(0) + L(ϕ).

Let u : [−r, +∞) → E be the unique integral solution of Eq.(1.1). We have

u(t) =

{
(U(t)ϕ) (0), t > 0,
ϕ(t), t ∈ [−r, 0] .

From Theorem 3.5, we deduce that u is a strict solution. This implies also that t 7→ ut is
continuously differentiable on [0, +∞). Hence ϕ ∈ D(AU).
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In the sequel of this work, we suppose that

(H3) The semigroup (T0(t))t≥0 on D(A) is compact, this means that for each t > 0, the

operator T0(t) is compact on D(A).

Theorem 5.4. Assume that (H3) holds. Then, the semigroup (U(t))t≥0 is compact on
X, for every t > r.

Proof. Let B be a bounded subset of X and let t > r. We will use the Ascoli-Arzela’s
theorem to show that the set {U(t)ϕ : ϕ ∈ B}is relatively compact in X. It is enough
to show that, for every θ ∈ [−r, 0] , {(U(t)ϕ) (θ) : ϕ ∈ B} is relatively compact in E. Let
ε > 0 such that t + θ − ε > 0. Then, using formula (5.2), we obtain

(U(t)ϕ) (θ) = T0(t + θ)ϕ(0) + lim
λ→+∞

∫ t+θ

0

T0(t + θ − s)BλL(U(s)ϕ))ds.

Note that∫ t+θ

0

T0(t + θ − s)BλL(U(s)ϕ)ds =

∫ t+θ−ε

0

T0(t + θ − s)BλL(U(s)ϕ))ds+

∫ t+θ

t+θ−ε

T0(t + θ − s)BλL(U(s)ϕ))ds

and

lim
λ→+∞

∫ t+θ−ε

0

T0(t + θ − s)BλL(U(s)ϕ)ds =

T0(ε) lim
λ→+∞

∫ t+θ−ε

0

T0(t + θ − ε− s)BλL(U(s)ϕ))ds.

Assumption (H3) implies that the set

T0(ε)

{
lim

λ→+∞

∫ t+θ−ε

0

T0(t + θ − ε− s)BλL(U(s)ϕ))ds : ϕ ∈ B

}

is relatively compact in E. On other hand, the semigroup (U(t))t≥0 is bounded. Then,
for some positive constant b1, we have∣∣∣∣ lim

λ→+∞

∫ t+θ

t+θ−ε

T0(t + θ − s)BλL(U(s)ϕ))ds

∣∣∣∣ ≤ b1ε.

Consequently, the set
{

lim
λ→+∞

∫ t+θ

t+θ−ε

T0(t + θ − s)BλL(U(s)ϕ))ds : ϕ ∈ B

}

is totally bounded. Therefore, the set {(U(t)ϕ) (θ) : ϕ ∈ B} is relatively compact. We
show now the equicontinuity. Let θ > θ0, we have

(U(t)ϕ) (θ)− (U(t)ϕ) (θ0) = (T0(t + θ)− T0(t + θ0)) ϕ(0)+

lim
λ→+∞

∫ t+θ

0

T0(t + θ − s)BλL(U(s)ϕ)ds−

lim
λ→+∞

∫ t+θ0

0

T0(t + θ0 − s)BλL(U(s)ϕ)ds.
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On the other hand, we have
∫ t+θ

0

T0(t + θ − s)BλL(U(s)ϕ)ds =

∫ t+θ0

0

T0(t + θ − s)BλL(U(s)ϕ)ds

+

∫ t+θ

t+θ0

T0(t + θ − s)BλL(U(s)ϕ)ds.

Consequently, we deduce that

|(U(t)ϕ) (θ)− (U(t)ϕ) (θ0)| ≤ |T0(t + θ)− T0(t + θ0)| |ϕ(0)|+∣∣∣∣ lim
λ→+∞

∫ t+θ0

0

(T0(t + θ − s)− T0(t + θ0 − s)) BλL(U(s)ϕ)ds

∣∣∣∣ +
∣∣∣∣ lim
λ→+∞

∫ t+θ

t+θ0

T0(t + θ − s)BλL(U(s)ϕ)ds

∣∣∣∣ .

From Assumption (H3), we deduce that the semigroup (T0(t))t≥0 is uniformly continuous
for t > 0. Then,

lim
θ→θ0

|T0(t + θ)− T0(t + θ0)| = 0.

Furthermore, the semigroup (U(t))t≥0 is bounded in B. Consequently, there exists a
positive constant b2 such that

∣∣∣∣ lim
λ→+∞

∫ t+θ

t+θ0

T0(t + θ − s)BλL(U(s)ϕ)ds

∣∣∣∣ ≤ b2 (θ − θ0)

and

lim
λ→+∞

∫ t+θ0

0

(T0(t + θ − s)− T0(t + θ0 − s)) BλL(U(s)ϕ))ds =

(T0(θ − θ0)− I) lim
λ→+∞

∫ t+θ0

0

T0(t + θ0 − s)BλL(U(s)ϕ)ds.

Then, there exists a compact set K in E such that

lim
λ→+∞

∫ t+θ0

0

T0(t + θ0 − s)BλL(U(s)ϕ)ds ∈ K, uniformly in ϕ ∈ B.

By the Banach-Steinhaus’s theorem, we obtain

lim
θ→θ0

sup
x∈K

|(T0(θ − θ0)− I)x| = 0.

This implies that

lim
θ→θ+

0

(U(t)ϕ) (θ)− (U(t)ϕ) (θ0) = 0, uniformly in ϕ ∈ B.

Using a similar argument as above, we prove that

lim
θ→θ−0

(U(t)ϕ) (θ)− (U(t)ϕ) (θ0) = 0, uniformly in ϕ ∈ B.

The Ascoli-Arzela’s theorem completes the proof of Theorem 5.4.

We now consider the spectral properties of the generator AU . For each complex number
λ, we define the linear operator ∆(λ) : D(A) → E by

(5.3) ∆(λ) = λI − A− L(eλ.I),
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where eλ.I : E → CE, is defined by (note that we consider here the complexification of
CE) (

eλ.x
)
(θ) = eλθx, x ∈ E and θ ∈ [−r, 0] .

We say that λ is a characteristic value of Eq.(1.1) if there exists x ∈ D(A)\{0} solving
the characteristic equation ∆(λ)x = 0. By [21], and from the compactness property of
the semigroup (U(t))t≥0, we get the following result.

Corollary 5.5. Assume that (H3) holds. Then, for each t > r, the spectrum σ(U(t)) is
a countable set and is compact with the only possible accumulation point 0 and if µ 6= 0 ∈
σ(U(t)) then µ ∈ Pσ(U(t)),where Pσ(U(t) denotes the point spectrum.

Corollary 5.6. Assume that (H3) holds. Then, there exists a real number δ such that
Re λ ≤ δ for all λ ∈ σ(AU). Moreover, if β is a given real number then there exists only
a finite number of λ ∈ Pσ(AU) such that Re λ > β.

We can give now an exponential estimate for the semigroup solution.

Proposition 5.7. Assume that (H3) holds. Let δ be a real number such that Re λ ≤ δ for
all characteristic values λ of Eq.(1.1). Then, for γ > 0 there exists a constant k(γ) ≥ 1
such that

|U(t)ϕ| ≤ k(γ)e(δ+γ)t |ϕ| , for all t ≥ 0 and ϕ ∈ X.

Proof. Let ω0 be defined by

ω0 := inf

{
ω ∈ lR : sup

t≥0
e−ωt |U(t)| < +∞

}
.

The compactness property of the semigroup (see [21]), implies that

ω0 = s1(AU) := sup {Re λ : λ ∈ Pσ(AU)} .

On the other hand, if λ ∈ Pσ(AU) then there exists ϕ 6= 0 ∈ D(AU) such that AUϕ = λϕ.
This implies that

ϕ(θ) = eλtϕ(0) and ϕ′(0) = Aϕ(0)− L(ϕ) with ϕ(0) 6= 0.

Then, ∆(λ)ϕ(0) = 0. We deduce that λ is a characteristic value of Eq.(1.1).
We will prove now the existence of λ ∈ Pσ(AU) such that Re λ = s1(AU). Let (λn)n be a
sequence in Pσ(AU) such that Re λn → s1(AU) as n → +∞. Then, there exists β such
that Re λn > β for n ≥ n0 with n0 large enough. From Corollary 5.6, we deduce that
{λn : Re λn > β} is finite. The sequence (Re λn)n is stationary. Consequently, there exists
n such that Re λn = s1(AU).

The asymptotic behavior of the solutions is now completely obtained by the characteristic
equation.

Theorem 5.8. Assume that (H3) holds. Let δ be the smallest real number such that
if λ is any characteristic value of Eq.(1.1), then Re λ ≤ δ. If δ < 0, then for all ϕ ∈
X, |U(t)ϕ| → 0 as t → +∞. If δ = 0 then there exists ϕ ∈ X\{0} such that |U(t)ϕ| = |ϕ|
for all t ≥ 0. If δ > 0, then there exists ϕ ∈ X such that |U(t)ϕ| → +∞ as t → +∞.
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Proof. Assume that δ < 0, then we have ω0 = s1(AU) < 0 and the stability holds. If
δ = 0, then there exists x 6= 0 and a complex λ such that Re λ = 0 and ∆(λ)x = 0. Then,
λ ∈ Pσ(AU) and eλt ∈ Pσ(U(t)). Consequently, there exists ϕ 6= 0 such that

U(t)ϕ = eλtϕ.

This implies that |U(t)ϕ| =
∣∣eλtϕ

∣∣ = |ϕ| . Assume now that δ > 0. Then, there exists
x 6= 0 and a complex λ such that Re λ = δ and ∆(λ)x = 0. Then, there exists ϕ 6= 0 such
that |U(t)ϕ| = eδt |ϕ| → +∞, as t → +∞.

6. A Variation of constants formula

In this section, we consider the following nonhemegeneous linear partial functional
differential equation

(6.1)

{
du

dt
(t) = Au(t) + L(ut) + f(t), for t ≥ 0

u0 = ϕ ∈ CE,

where f is a continuous function form R to E. To construct a variation of constants
formula associated to Eq.(6.1), we define the space X ⊕ 〈X0〉, where 〈X0〉 is the space
given by

〈X0〉 = {X0c : c ∈ E}
and the function X0c is defined by

(X0c) (θ) =

{
0 if θ ∈ [−r, 0) ,
c if θ = 0.

X ⊕ 〈X0〉 is endowed with the following norm

|ϕ + X0c| = |ϕ|+ |c| .
Theorem 6.1. The continuous extension ÃU of the operator AU defined on X ⊕ 〈X0〉 by

{
D(ÃU) =

{
ϕ ∈ C1 ([−r, 0] ; E) : ϕ(0) ∈ D(A) and ϕ′(0) ∈ D(A)

}
,

ÃUϕ = ϕ′ + X0(Aϕ(0) + L(ϕ)− ϕ′(0)),

is a Hille-Yosida operator.

The proof of this theorem is based on the following lemma.

Lemma 6.2. There exists ω1 such that for λ > ω1,

(i) ∆(λ) is invertible for λ > ω1 and |∆−1(λ)| ≤ M

λ− ω1

, for λ > ω1,

(ii) D(ÃU) = D(AU)⊕ 〈
eλ·〉 , where

〈
eλ·〉 =

{
eλ·c : c ∈ D(A) and

(
eλ·c

)
(θ) = eλθc

}
,

(iii) (ω1, +∞) ⊂ ρ(ÃU) and for n ≥ 1

R(λ, ÃU)n(ϕ + X0c) = R(λ, AU)nϕ + R(λ,AU)n−1
(
eλ·∆−1(λ)c

)
,

for every (ϕ, c) ∈ X×E, where R(λ,AU) = (λI − AU)−1 and R(λ, ÃU) =
(
λI − ÃU

)−1

.
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Proof of the lemma. (i) We have

∆(λ) = λI − A− L(eλ.I) = (λI − A)
(
I −R(λ,A)L(eλ.I)

)
.

Let ω0 > max(0, ω). Then,

∣∣R(λ,A)L(eλ.I)
∣∣ ≤ M |L|

λ− ω0

< 1, for λ > ω0 + M |L| .

Hence, the operator I −R(λ,A)L(eλ.I) is invertible and satisfies
(
I −R(λ,A)L(eλ.I)

)−1
=

∑
n≥0

[
R(λ,A)L(eλ.I)

]n
.

Then, ∣∣∣
(
I −R(λ,A)L(eλ.I)

)−1
∣∣∣ ≤ 1

1− |R(λ,A)L(eλ.I)|
and ∣∣∣

(
I −R(λ,A)L(eλ.I)

)−1
∣∣∣ ≤ 1

1− M |L|
λ−ω0

=
λ− ω0

λ− ω0 −M |L| .

This implies that

∣∣∆−1(λ)
∣∣ ≤ M

λ− ω0 −M |L| , for λ > ω0 + M |L| .

(ii) For λ > ω1 := ω0 +M |L|, it is clear that D(AU)∩ 〈
eλ·〉 = {0}. Let ψ̃ ∈ D(ÃU). If we

put ψ = ψ̃ − eλ·∆(λ)−1
(
Aψ̃(0) + L(ψ̃)− ψ̃′(0)

)
, then we deduce that ψ ∈ D(A). This

implies that D(ÃU) = D(AU) +
〈
eλ·〉 and the decomposition holds.

(iii) Let ϕ̃ ∈ X ⊕ 〈X0〉 , ϕ̃ = ϕ + X0c. We are looking for ψ̃ ∈ D(ÃU), such that

(λI − ÃU)ψ̃ = ϕ̃. The function ψ̃ can be written as ψ̃ = ψ + eλ·a, where ψ ∈ D(AU) and
a ∈ D(A). Then we have

(λI − ÃU)(ψ + eλ·a) = ϕ + X0c.

This equation slips into two equations{
(λI − AU)ψ = ϕ,
∆(λ)a = c.

It follows that for λ > ω1, (λI − ÃU)−1 exists and

(λI − ÃU)−1(ϕ + X0c) = (λI − AU)−1ϕ + eλ·∆(λ)−1c.

Repeating this procedure, we obtain for every n ≥ 1

(6.2) R(λ, ÃU)n(ϕ + X0c) = R(λ,AU)nϕ + R(λ,AU)n−1
(
eλ·∆−1(λ)c

)
.

From (i), we deduce that

sup
n∈N, λ>ω1

∣∣∣(λ− ω1)
n R(λ, ÃU)n

∣∣∣ < +∞.

This completes the proof of the lemma and the theorem.

Lemma 6.3. The part of ÃU in D(ÃU) is the operator AU .
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Proof. The operator AU generates a strongly continuous semigroup in X. Then, by the

Hille-Yosida theorem we have D(AU) = X. On the other hand, D(AU) ⊂ D(ÃU) ⊂ X.
This implies that

D(ÃU) =
{

ϕ ∈ CE : ϕ(0) ∈ D(A)
}

= X.

Let B̃ be the part of ÃU in D(ÃU). Then
{

D(B̃) =
{

ϕ ∈ D(ÃU) : ÃUϕ ∈ X
}

,

B̃ϕ = ÃUϕ.

ϕ ∈ D(B̃) if and only if ϕ ∈ C1 ([−r, 0] ; E), ϕ(0) ∈ D(A), ϕ′(0) ∈ D(A) and ϕ′ +
X0(Aϕ(0)+L(ϕ)−ϕ′(0)) ∈ X, which is equivalent to say that ϕ ∈ D(AU). Consequently,

we have B̃ = AU .

Consider now the following nonhomogeneous Cauchy problem

(6.3)

{
du

dt
(t) = ÃUu(t) + X0f(t), for t ≥ 0

u(0) = ϕ ∈ CE.

Definition 6.4. A continuous function u : [0, +∞) → CE is called an integral solution of
Eq.(6.3) if

(i)

∫ t

0

u(s)ds ∈ D(ÃU), for t ≥ 0,

(ii) u(t) = ϕ + ÃU

∫ t

0

u(s)ds + X0

∫ t

0

f(s)ds, for t ≥ 0.

Applying Theorem 2.10, we conclude that for all ϕ ∈ X Eq.(6.3) has a unique integral
solution which is given by the following formula

(6.4) u(t) = U(t)ϕ + lim
λ→+∞

∫ t

0

U(t− s)B̃λX0f(s)ds, for t ≥ 0,

where B̃λ = λ(λI − ÃU)−1.

Theorem 6.5. Let x be an integral solution of Eq.(6.1). Then, the function u given by

u(t) = xt, for t ≥ 0,

is the unique integral solution of (6.3). Conversely, if u is an integral solution of Eq.(6.3),
then the function x defined by

x(t) =

{
u(t)(0), if t ≥ 0,
ϕ(t), if t ≤ 0,

is an integral solution of Eq.(6.1).

Proof. Let ϕ ∈ X and x be the integral solution of Eq.(6.1). It suffices to show that the
function u defined by

(6.5) u(t) = xt, for t ≥ 0,

is an integral solution of Eq.(6.3). Let t ≥ 0. Then,
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d

dθ

(∫ t

0

xs ds

)
= xt − ϕ.

We deduce that

ÃU

(∫ t

0

xsds

)
= xt − ϕ + X0

(
A

∫ t

0

x(s)ds + L

(∫ t

0

xsds

)
− x(t) + ϕ(0)

)
.

On the other hand, x is given by

x(t) = ϕ(0) + A

∫ t

0

x(s)ds + L

(∫ t

0

xsds

)
+

∫ t

0

f(s)ds.

It follows that

u(t) = ϕ + ÃU

∫ t

0

u(s)ds + X0

∫ t

0

f(s)ds.

Then, u is an integral solution of Eq.(6.3) and we have the following formula

u(t) = U(t)ϕ + lim
λ→+∞

∫ t

0

U(t− s)B̃λX0f(s)ds, for t ≥ 0.

Let now u be an integral solution of Eq.(6.3). Then, u satisfies the following translation
property

u(t)(θ) =

{
u(t + θ)(0) , if t + θ ≥ 0,
ϕ(t + θ), if t + θ ≤ 0.

In fact, if t + θ ≥ 0, we have

u(t)(θ) = (U(t)ϕ) (θ) + lim
λ→+∞

∫ t

0

(
U(t− s)B̃λX0f(s)

)
(θ)ds.

Then

u(t)(θ) = (U(t + θ)ϕ) (0) + lim
λ→+∞

∫ t+θ

0

(
U(t + θ − s)B̃λX0f(s)

)
(0)ds+

lim
λ→+∞

∫ t

t+θ

(
U(t− s)B̃λX0f(s)

)
(θ)ds.

This implies that

u(t)(θ) = u(t + θ)(0) + lim
λ→+∞

∫ t

t+θ

(
U(t− s)B̃λX0f(s)

)
(θ)ds.

Furthermore,

lim
λ→+∞

∫ t

t+θ

(
B̃λX0f(s)

)
(t− s + θ)ds = lim

λ→+∞

∫ t

t+θ

eλ(t−s+θ)λ∆−1(λ)f(s)ds.

Which gives that

lim
λ→+∞

∫ t

t+θ

eλ(t−s+θ)λ∆−1(λ)f(s)ds = 0.

The translation property implies that xt = u(t), for t ≥ 0. Consequently,

xt = ϕ + ÃU

∫ t

0

xsds + X0

∫ t

0

f(s)ds, for t ≥ 0.

As above, we get that x is an integral solution of Eq.(6.1).
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7. Hyperbolicity and Boundedness

In this section, we are concerned with the existence of bounded solutions of Eq.(6.1) in
hyperbolic case.

Definition 7.1. We say that the semigroup (U(t))t≥0 is hyperbolic if

σ(AU) ∩ ilR = ∅.
From the compactness of the semigroup (U(t))t≥0 and from[21], we get the following result
on the spectral decomposition of the phase space X.

Theorem 7.2. [21] Assume that (H3) holds. If the semigroup (U(t))t≥0 is hyperbolic,
then the space X is decomposed as a direct sum X = S⊕US of two U(t) invariant closed
subspaces S and US such that the restricted semigroup on US is a group and there exist
positive constants M and γ such that

|U(t)ϕ| ≤ Me−γt |ϕ| , t ≥ 0, ϕ ∈ S
|U(t)ϕ| ≤ Meγt |ϕ| , t ≤ 0, ϕ ∈ US

We give now our first main result of this section.

Theorem 7.3. Assume that (H3) holds and the semigroup (U(t))t≥0 is hyperbolic. Let

B represent B(lR−), B(lR+) or B(lR), the set of bounded continuous functions from lR−,
lR+ or lR respectively to E. Let π : B → B be a projection onto the integral solutions of
Equation (6.1) (for any ϕ ∈ X) which are in B. Then, for any f ∈ B, there is a unique
solution Kf ∈ B of Eq.(6.1) (for some ϕ ∈ X) such that πKf = 0 and K : B → B is a
continuous linear operator. Moreover,
(i) for B = B(lR−), we have

π(B) =
{
x : lR− → E, there exists ϕ ∈ US

such that x(t) = (U(t)ϕ) (0), t ≤ 0}
and

(Kf)t = lim
s→−∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)S

dτ+

lim
λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0f(τ)

)US

dτ.

(ii) For B = B(lR+), we have

π(B) =
{
x : lR+ → E, there exists ϕ ∈ S

such that x(t) = (U(t)ϕ) (0), t ≥ 0}
and

(Kf)t = lim
λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0f(τ)

)S

dτ+

lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)US

dτ.

(iii) For B = B(lR), we have

π(B) = {0}
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and

(Kf)t = lim
s→−∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)S

dτ+

lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)US

dτ.

Proof. Corollary 7.2 implies that U(t) (US) ⊆ US. Then,
{
x : lR− → E, there exists ϕ ∈ US such that x(t) = (U(t)ϕ) (0), t ≤ 0

}

is a subspace of π(B(lR−)). Conversely, let ϕ ∈ S and u(., ϕ) be the integral solution of
Eq.(1.1) in S, which is bounded on lR−. Assume that there is a t ∈ (−∞, 0] such that
ut(., ϕ) 6= 0. Then, for any s ∈ (−∞, t), we have

ut(., ϕ) = U(t− s)us(., ϕ).

Thanks to Theorem 7.2 we have

|ut(., ϕ)| ≤ Me−γ(t−s) |us(., ϕ)| , s ≤ t.

Since us(., ϕ) is bounded, we deduce that us(., ϕ) = 0. Therefore,

π(B(lR−)) ⊆ {
x : lR− → E, there exists ϕ ∈ US

such that x(t) = (U(t)ϕ) (0), t ≤ 0} .

In the same manner, one can prove the same relations for B(lR+) and B(lR).
Let f ∈ B(lR−) and u = u(., ϕ, f) be a solution of Eq.(6.1) in B(lR−), with initial value
ϕ ∈ X. Then, the function u can be decomposed as

ut = uUS
t + uS

t ,

where uUS
t ∈ US and uS

t ∈ S are given by

(7.1) uUS
t = U(t− s)uUS

s + lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)US

dτ, for t, s ∈ lR,

(7.2) uS
t = U(t− s)uS

s + lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)S

dτ, for s ≤ t ≤ 0,

since U(t) is defined on US for all t ∈ lR. By Theorem 7.2, we deduce that

(7.3) uS
t = lim

s→−∞
lim

λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)S

dτ, for t ≤ 0.

By Lemma 6.2, we get B̃λX0 = λeλ·∆−1(λ). Thus,
∣∣∣∣U(t− τ)

(
B̃λX0f(τ)

)S
∣∣∣∣ ≤ Me−γ(t−τ) Mλ

λ− ω1

sup
τ∈(−∞,0]

|f(τ)| .

Consequently, we get

(7.4)
∣∣uS

t

∣∣ ≤ MM

γ
sup

τ∈(−∞,0]

|f(τ)| , t ≤ 0.
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We have proved that

(7.5)
ut = U(t)ϕUS + lim

λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0f(τ)

)US

dτ+

lim
s→−∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0f(τ)

)S

dτ, for t ≤ 0.

We obtain also, for t ≤ 0, the following estimate
(7.6)∣∣∣∣U(t)ϕUS + lim

λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0f(τ)

)US

dτ

∣∣∣∣ ≤ Meγt
∣∣ϕUS

∣∣ +
MM

γ
sup

τ∈(−∞,0]

|f(τ)| .

Conversely, we can verify that the expression (7.5) is a solution of Eq.(6.1) in B(lR−)
satisfying the estimates (7.4) and (7.6) for every ϕ ∈ X. Let u = u(., ϕUS, f) be defined
by (7.5) and let K : B(lR−) → B(lR−) be defined by Kf = (I − π) u(., 0, f). We can easily
verify that 




ut(., ϕ
US, 0) = U(t)ϕUS,

(I − π) u(., ϕUS, 0) = 0,
u(., ϕUS, f) = u(., ϕUS, 0) + u(., 0, f).

Therefore, K is a continuous linear operator on B(lR−), Kf satisfies Eq.(6.1) for every
f ∈ B(lR−), πK = 0 and K is explicitly given by Theorem 7.3.

For B(lR+) and B(lR) the proofs are similar. This completes the proof of Theorem 7.3.

We consider now the following nonlinear partial functional differential equation

(7.7)
du

dt
(t) = Au(t) + L(ut) + g(t, ut), t ∈ R

and its integrated form

(7.8) ut = U(t)ϕ + lim
λ→+∞

∫ t

0

U(t− s)B̃λX0g(s, us)ds,

where g is continuous from lR× CE into E. We assume that

(H4) g(t, 0) = 0 for t ∈ lR and there exists a nondecreasing function α : [0, +∞) →
[0, +∞) with lim

h→0
α(h) = 0 and

g(t, ϕ1)− g(t, ϕ2) ≤ α(h) |ϕ1 − ϕ2| for ϕ1, ϕ2 ∈ CE, |ϕ1| , |ϕ2| ≤ h, t ∈ lR.

Proposition 7.4. Assume that (H3), (H4) hold and the semigroup (U(t))t≥0 is hyper-
bolic. Then, there exists h > 0 and ε ∈ ]0, h[ such that for any ϕ ∈ S with |ϕ| ≤ ε,
Eq.(7.8) has a unique bounded solution u : [−r, +∞) → E with |ut| ≤ h for t ≥ 0 and
uS

0 = ϕ.

Proof. Let ϕ ∈ S. By Theorem 7.7, it suffices to establish the existence of a bounded
solution u : [−r, +∞) → E of the following equation

ut = U(t)ϕ + lim
λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0g(τ, uτ )

)S

dτ+

lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0g(τ, uτ )

)US

dτ.
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Let (u(n))n∈N be a sequence of continuous functions from [−r, +∞) to E, defined by

u
(0)
t = U(t)ϕ

u
(n+1)
t = U(t)ϕ + lim

λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0g(τ, u

(n)
τ )

)S

dτ+

lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0g(τ, u

(n)
τ )

)US

dτ.

It is clear that
(
u

(n)
0

)S

= ϕ. Moreover, we can choose h > 0 and ε ∈ ]0, h[ small enough

such that, if |ϕ| ≤ ε then
∣∣∣u(n)

t

∣∣∣ < h for t ≥ 0.

On the other hand, we have
∣∣∣u(n+1)

t − u
(n)
t

∣∣∣ ≤
∫ t

0

MMe−γ(t−τ)α(h)
∣∣∣u(n)

τ − u
(n−1)
τ

∣∣∣ dτ+
∫ +∞

t

MMeγ(t−τ)α(h)
∣∣∣u(n)

τ − u
(n−1)
τ

∣∣∣ dτ.

By induction we get
∣∣∣u(n+1)

t − u
(n)
t

∣∣∣ ≤ 2h

(
2MMα(h)

γ

)n

, t ≥ 0.

We choose h > 0 such that
2MMα(h)

γ
<

1

2
.

Consequently, the limit u := lim
n→+∞

u(n) exists uniformly on [−r, +∞) and u is continuous

on [−r, +∞). Moreover, |ut| < h for t ≥ 0 and uS
0 = ϕ. In order to prove that u is a

solution of Eq.(7.8), we introduce the following notation

v(t) =

∣∣∣∣ut − U(t)ϕ− lim
λ→+∞

∫ t

0

U(t− τ)
(
B̃λX0g(τ, uτ )

)S

dτ

− lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)
(
B̃λX0g(τ, uτ )

)US

dτ

∣∣∣∣ .

We obtain

v(t) ≤
∣∣∣ut − u

(n+1)
t

∣∣∣
+

∣∣∣∣ lim
λ→+∞

∫ t

0

U(t− τ)

((
B̃λX0g(τ, uτ )

)S

−
(
B̃λX0g(τ, u

(n)
τ )

)S
)

dτ

∣∣∣∣
+

∣∣∣∣ lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)

((
B̃λX0g(τ, uτ )

)US

−
(
B̃λX0g(τ, u

(n)
τ )

)US
)

dτ

∣∣∣∣ .

Moreover, we have

ut − u
(n+1)
t =

+∞∑

k=n+1

(
u

(k+1)
t − u

(k)
t

)
.

It follows that

v(t) ≤ 2h

[
1 +

2MMα(h)

γ

] +∞∑

k=n+1

(
2MMα(h)

γ

)k

.
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Consequently, v = 0 on [0, +∞). To show the uniqueness suppose that w is also a solution
of Eq.(7.8) with |wt| < h for t ≥ 0. Then,

∣∣∣wt − u
(n+1)
t

∣∣∣ ≤
∣∣∣∣ lim
λ→+∞

∫ t

0

U(t− τ)

((
B̃λX0g(τ, wτ )

)S

−
(
B̃λX0g(τ, u

(n)
τ )

)S
)

dτ

∣∣∣∣
+

∣∣∣∣ lim
s→+∞

lim
λ→+∞

∫ t

s

U(t− τ)

((
B̃λX0g(τ, wτ )

)US

−
(
B̃λX0g(τ, u

(n)
τ )

)US
)

dτ

∣∣∣∣ .

This implies
∣∣∣wt − u

(n+1)
t

∣∣∣ ≤ 2h

(
2MMα(h)

γ

)n

→ 0, as n → +∞.

This proves the uniqueness and completes the proof.

8. Periodic and almost periodic solutions

In this section, we are concerned with the existence of periodic and almost periodic
solutions of Eq.(6.1). As a consequence of the hyperbolicity, we obtain the following
result.

Corollary 8.1. Assume that (H3) holds and the semigroup (U(t))t≥0 is hyperbolic. If the
function f is ω−periodic, then the only bounded solution of Eq.(6.1) given by Theorem
7.3 is also ω−periodic.

Proof. Let u be the unique bounded solution of Eq.(6.1). The function u(. + ω) is also
a bounded solution of Eq.(6.1). The uniqueness property implies that u = u(. + ω).
We are concerned now with the existence of almost periodic solution of Eq.(6.1). Let
B(lR, E) be the space of bounded continuous function from lR to E provided with the
uniform norm topology.

Definition 8.2. [29] A function h ∈ B(lR, E) is said to be almost periodic if and only if
the set

{hσ : σ ∈ lR} ,

where gσ is defined by hσ(t) = h(t + σ), for t ∈ lR, is relatively compact in B(lR, E).

Theorem 8.3. Assume that (H3) holds and the semigroup (U(t))t≥0 is hyperbolic. If the
function f is almost periodic, then the only bounded solution of Eq.(6.1) is also almost
periodic.

Proof. Define the operator Q by

(Qf) (t) =

(
lim

λ→+∞

∫ t

−∞
U(t− τ)

(
B̃λX0f(τ)

)S

dτ

)
(0)

+

(
lim

λ→+∞

∫ t

+∞
U(t− τ)

(
B̃λX0f(τ)

)US

dτ

)
(0), for t ∈ lR.

Then, Q is a bounded linear operator from B(lR, E) into B(lR, E). By a sample compu-
tation, we obtain

(Qf)σ = Q (fσ) , for σ ∈ lR.

By the continuity of the operator Q, we deduce that Q({fσ : σ ∈ lR}) is relatively compact
in B(lR, E). This implies that if the function f is almost periodic, then the only bounded
solution of Eq.(6.1) is also almost periodic.
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We are concerned now with the existence of almost periodic solutions of Equation (7.8).
We assume that

(H5) g is almost periodic in t uniformly in any compact set of CE. This means that for
each ε > 0 and any compact set K of CE there exists lε > 0 such that every interval of
length lε contains a number τ with the property that

sup
t∈lR,ϕ∈K

|g(t + τ, ϕ)− g(t, ϕ)| < ε.

It’s well known that if the function g is almost periodic in t uniformly in any compact set
of CE and if v is an almost periodic function, then the function t → g(t, vt) is also almost
periodic.

(H6) |g(t, ϕ1)− g(t, ϕ2)| ≤ k1 |ϕ1 − ϕ2| , t ∈ lR and ϕ1, ϕ2 ∈ X.

Proposition 8.4. Assume that (H3), (H5) and (H6) hold. If the semigroup (U(t))t≥0

is hyperbolic, then for k1 small enough, Eq.(7.8) has a unique almost periodic solution.

Proof. Let AP (lR, E) be the Banach space of almost periodic functions from lR to E
endowed with the uniform norm topology. Consider the operator H defined on AP (lR, E)
by

Hv = u,

where u is the unique almost periodic solution of Eq.(6.1) with f = g(., v.). By a sample
computation, we can see that there exists a positive constant K2 such that

|Hv1 −Hv2| ≤ k1k2 |v1 − v2| , v1, v2 ∈ AP (lR, E).

If k1 is chosen such that k1k2 < 1, then the map H is a strict contraction in AP (lR, E).
We deduce that H has a unique fixed point in AP (lR, E), which gives an almost periodic
solution of Eq.(7.8).

9. Application

To illustrate the above results, we consider the following partial functional differential
equations with diffusion which describes the evolution of a single diffusive animal species
with population density u. For more details, about this model, we refer to [47].

(9.1)





∂

∂t
w(t, ξ) = a

∂2

∂ξ2
w(t, ξ) + bw(t, ξ) + c

∫ 0

−r

G(θ)w(t + θ, ξ)dθ + f(w(t− r, ξ)),

t ≥ 0, 0 ≤ ξ ≤ π,
w(t, 0) = w(t, π) = 0, t ≥ 0,
w(θ, ξ) = w0(θ, ξ), −r ≤ θ ≤ 0, 0 ≤ ξ ≤ π.

where a, b, c and r are positive constants, f : IR → IR is a continuous function, G :
[−r, 0] → IR continuous and w0 : [−r, 0] × [0, π] → IR is a continuous function. In order
to rewrite Eq.(9.1) in the abstract equation (1.1), we introduce E = C ([0, π] ; IR) , the
space of continuous function from [0, π] to IR, provided with the uniform norm topology
and we the linear operator A : D(A) ⊆ E → E by

{
D(A) = {y ∈ C2 ([0, π] ; IR) : y(0) = y(π) = 0} ,
Ay = ay′′.
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It is well-known, see [19], that
{

(0, +∞) ⊂ ρ(A),∣∣(λI − A)−1
∣∣ ≤ 1

λ
, for λ > 0.

This implies that Assumption (H1) is satisfied. On the other hand, we can see that

D(A) = {y ∈ E : y(0) = y(π) = 0} 6= E.

Set 



x(t)(ξ) = w(t, ξ), t ≥ 0, ξ ∈ [0, π] ,
ϕ(θ)(ξ) = w0(θ, ξ), θ ≤ 0, ξ ∈ [0, π] ,

F (φ)(ξ) = bφ(0)(ξ) + f(φ(−r)(ξ)) + c

∫ 0

−r

G(θ)φ(θ)(ξ)dθ, ξ ∈ [0, π] , φ ∈ CE.

Then, Eq.(9.1) takes the following abstract form,
{

dx

dt
(t) = Ax(t) + F (xt), t ≥ 0,

x0 = ϕ ∈ CE.

We suppose that,

(i) f is locally Lipschitz continuous.

It follow that F is locally Lipschitz continuous. Let ϕ ∈ CE such that ϕ(0) ∈ D(A). Then,
Theorem 2.10 ensures the existence of a maximal interval of existence [−r, bw0) and a
unique integral solution w(t, ξ) on [−r, bw0)× [0, π].
To investigate that the integral solution w of Eq.(9.1) is a strict one, we add the following
assumptions

(ii) f is continuously differentiable and f ′ is locally Lipschitz continuous,

(iii) w0 ∈ C2([−r, 0]× [0, π] ; E), with
∂

∂θ
w0(0, 0) =

∂

∂θ
w0(0, π) = 0 and

∂

∂θ
w0(0, ξ) = a

∂2

∂ξ2
w0(0, ξ) + bw0(0, ξ))

+c

∫ 0

−r

G(θ)w0(θ, ξ))dθ + f(w0(−r, ξ)), for ξ ∈ [0, π] .

Then, F is continuously differentiable on CE and for φ, ψ ∈ CE, ξ ∈ [0, π], we have

F ′(φ)(ψ)(ξ) = bψ(0)(ξ) + c

∫ 0

−∞
G(θ)ψ(θ)(ξ)dθ + f ′(φ(−r)(ξ))ψ(−r)(ξ).

F ′ is also locally Lipschitz continuous on CE. Consequently, all the conditions in Theorem
5.2 are satisfied. Hence, w is a strict solution of Eq. (9.1).
In order to study the stability, we assume that,

(iv) f is continuously differentiable at 0, f(0) = 0, f ′(0) = 0 and f is globally Lipschitz.



29

Then, F is continuously differentiable at 0 with F (0) = 0 and F is globally Lipschitz
on CE. Consider the linearized equation of (9.1) corresponding to the derivative F ′(0) at
0,

(9.2)





∂

∂t
w(t, ξ) = a

∂2

∂ξ2
w(t, ξ) + bw(t, ξ) + c

∫ 0

−r

G(θ)w(t + θ, ξ)dθ, t ≥ 0, 0 ≤ ξ ≤ π

w(t, 0) = w(t, π) = 0, t ≥ 0,

w(θ, ξ) = w0(θ, ξ), −r ≤ θ ≤ 0, 0 ≤ ξ ≤ π.

Let A0 be the part of the operator A in D(A) given by{
D(A0) = {y ∈ C2 ([0, π] ; IR) : y(0) = y′′(0) = y(π) = y′′(π) = 0} ,
A0y = ay′′.

Then, A0 generates a strongly continuous semigroup on D(A) which is compact. Let
AU be the infinitesimal generator of the solution semigroup associated to Eq.(9.2) and
σp(AU) denote the point spectrum of AU . Then, λ ∈ σp(AU) if and only if there exists
φ ∈ D(AU), φ 6= 0 such that AT φ = λφ. It follows that φ(θ) = eλθy with y 6= 0, y ∈ D(A)
and λy = Ay+F ′(0)(eλ.y). It follows that λ ∈ σp(AU) if and only if there exists y ∈ D(A)
and y 6= 0 such that

λy = Ay + by + c

(∫ 0

−r

G(θ)eλθdθ

)
y.

This means that

λ− b− c

∫ 0

−r

G(θ)eλθdθ ∈ σp(A) = σp(A0).

We know that the point spectrum σp(A0) of A0 is given by

σp(A0) =
{−an2 : n ∈ IN∗} .

Hence, the exponential stability of solutions of Eq.(9.2) is determined by the following
characteristic equation

(9.3) λ− b− c

∫ 0

−r

G(θ)eλθdθ = −an2, n ≥ 1.

Lemma 9.1. Assume that G is a positive function,

∫ 0

−r

G(θ)dθ = 1 and c < a− b. Then,

all roots of Eq.(9.3) have negative real part.

Proof. Taking the real part in the characteristic Eq.(9.3), we get the following

Re(λ) = b + c

∫ 0

−r

G(θ)eRe(λ)θ cos(Im(λθ))dθ − an2,

which implies that

Re(λ) ≤ b + c

∫ 0

−r

G(θ)eRe(λ)θ cos(Im(λθ))dθ − a

and
Re(λ) ≤ b + c− a < 0.
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Consequently, we deduce that all characteristic values have negative real part, which
implies that the solution semigroup associated to Eq.(9.2) is exponentially stable.
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