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1 Standard Backward SDE
1.1 Existence and Uniqueness
Let (€2, F,P) be a probability space on which is defined a

d-dimensional Brownian motion W := (W;);<r.

- (FV)i<r the natural filtration of W and (F;)i<r its
completion with the P-null sets of F.

- We define the following spaces :
e PP, the set of F;-progressively measurable, R"-valued

processes on §2 x [0, T]
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o 2 (F) ={n: R" —valued r. v. E[|n|*] < co}

¢ S2(0,T) = {p € P,, pis continuous and E[sup |¢;|?] < oo}
t<T

T
« H2(0.T) = {Z € P,sit. E[/ 1Z.[2ds] < oo}
0

e HL(0,T) = {Z € P,s.t. E[(/OT \ZSIZdS)l/Q] < 00}
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Definition 1.1 : Let & € L2 (Fr) be a R™-valued terminal
condition and let g be a R"™-valued coefficient,

P, @ B(R™ x R™ ) -measurable. A solution for the
m-dimensional BSDE associated with parameters (g,&r) is a
pair of progressively measurable processes (Y, Z) := (Yi, Zy )<t
with values in R™ @ R™*? such that : Y € 82, Z € H?

mxd
T T
Vit [ gls.¥oZyds— [ Zaw. o<t<T.
t t
(1)

The differential form of this equation is

—dY, = g(t, Y, Z)dt — Z,dWy,  Yp=¢Er. (2)
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Hereafter g is called the coefficient and ¢ the terminal value
of the BSDE.

Under some specific assumptions on the coefficient g, the
BSDE (1) has a unique solution. The standard assumptions
are the following : (H1)

(1) (9(t,0,0))i<r € Moy
(ii) g is uniformly Lipschitz with respect to (y, z) :
there exists a constant C' > 0s.t. V(y,v', 2, 72),

‘g(wata Y, Z) o g(watayla Zl)‘ S C(‘y - y’\ + |Z - Z/D, a.ce.




4 A

Theorem 1.2 (Pardouz, Peng [50]) Under the standard
assumptions (H1), there exists a unique solution (Y, Z) of the
BSDE with parameters (g, &r).

Remark 1.3 - 3/(Y;, Z,)i<r which is F}" -adapted and

square integrable process.

- If &p and f(t,y, z) are deterministic, then Z; = 0, and (Y})
is the solution of ODE
dY,
dt

If the final condition Ep 1s random, the previous solution 1is

=—g(,Y,,0),  Yr=¢&r.

F1' measurable, and so non adapted.

o /
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— In fact we need to introduce the martingale fot Z,dW, as a

control processus to obtain an adapted solution.

Proof :
Step 1 : A Linear case

a) First assume that g = 0. A solution of equation(1) satisfies :

T
Yi =&r — / ZdWs,  Yp={r.
¢

So, the process Y is necessarily the L?-martingale E[{7|F].
As a direct consequence of the representation theorem w.r.t. a Brownian filtration (see for
instance Theorem 4.15 in the book of Karatzas and Shreve (1987)), there exists a

unique process Z € H? . such that

Y; = E¢r|F) = Elér] + /0 Z,dW,.

o /
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Therefore when g = 0, we have proved the existence and

uniqueness of a solution for the BSDE (1).

b) The extension to the case where g does not depend on
(y,2) :
g(t.w,y,2) = g(t,w) = g(t,w,0,0) € H,,

is obvious given that (Y; + fo s)ds, Zy) is solution of the
BSDE with 0-coefficient and terminal value fo s)ds + &p.

N
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Exercice : g(s,w,y, 2) = g(s,w) (other method)

T
M; .= E[¢ +/ g(s,w)ds|F], 0<t<T
0

M is a € L*(F")-martingale
= 3 (2); € L*(F")-adapted process s.t.

t T
Mt = M() + / Zg dWs — MT = Mt + / Zg dWS
0 t

T T
Yy :§+/ g(s,w)ds—/ Z dW,
t /
where

T
wim BlE+ [ gls,w)dslF].
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Step 2 : A general Lipschitz coefficient g(t,w,y, 2)

As in the deterministic case, the solution will be obtained as
the fixed point of an appropriate application ® defined on
H2 X H? .

We will use an norm involving a weight on time parameterized

2
mxd

by a positive constant . Let D, be the space H? x H
equipped with the norm :

I(Y. 2)|l = {E] / (Va2 + | Z[2)ds]} .
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Let @ be the application from D, into D, defined by :
(u,v) := (ut, vt)1<r € Do — P(u,v) = (V;"", Z," )<y

where (Y, Z"") is the D,-valued solution of the BSDE
with coefficient ¢""(¢) = g(¢,us,v:) (that does not depend on
(y, z) and then exists through b)).

As usual, the existence of the fixed point we are interested in
lies upon the contraction property of the map ®, obtained for

a norm ||.||, with a large enough parameter .

So let ((u,v), (u',v")) € D,y x D,.

[t0’s formula applied to e (Y;"" — Ytul’v’)2 yields to :

N
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2ds

T
eoztD/tu,v . }/tu’,v”Q 4 / 6048|Z;L,’U . Z;Ll,’l)/
t
T !,/
—|—Oé/ €as|}/8u’v—Y;u’U‘2dS:(MT—Mt)
t

T
o / (VI Y ) (g, 1ugs vs) — s, ol o))
t

where
L
M, =2 / e (Y = YN (2 — Z) AW
0

is a uniformly integrable martingale since using the inequality
2ab < a? + b?

N
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we have

But we know that SUP < Y —

{/ 208 Yu U Ysu’,v’|2|Z;c,v . Z;,L’,v’

IA

- 0<s<T

INA

0<3<T

and (24 — ZUV) € H?

(VY20

¢cE| sup |[Y4¥ —Y®V

b

‘ZUU Zuv|2d8} }

EE sup |Yuv Y;uv| ]_|_ E[/ |Z;L’U—Z;L,’UI|2dS]-
2 2L J,

4> then the process
Z4")| is in HL.

From classical results in martingale theory, the associated

stochastic integral is a uniformly integrable martingale, with

n

\_

ull expectation.

(3)

/
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We now use (H1), i.e. g is Lipschitz continuous with constant

C'. Indeed, taking the expectation leads to :
T
E{eatll/;u’v _Y;u U ‘2) —I—]E[/ 6a3|Zg,v o Zg’,v’|2ds}
t

2

T
< E[/ eas(_oén/su,v . Y;u’,v’
t

2OV — Y (g — |+ [o, — vl]))ds]

02 g Qs / 1 1\2
SB[ [ e (fug =] + o, - vl])?)ds]
@’ /
202 T
< B[ (=l 4 o - )]
« ¢

where we have used the polarization formula :

2 2
—aa® +2Cab = —a(a — 96)2 + C—b2 < C—bQ.
o)

K (87 (87
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Therefore, in terms of the a-norms, using the positivity of
both terms of the left hand-side of the above inequality, we
obtain :

207

HZu,v o Zu’,v’ ?H

2 < (u—u' ;v =)

This inequality yields to different estimates on the process

Yuv — Y The most obvious is that at any time ¢,
» 2C"
eatE [thu,v L Y%u U |2} S ||(u . u/, v — U/)ng n
o
particular, since Y;"" and Y,'"" are deterministic, we have :

207
¥ = ¥y < (- o = )

N
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Moreover, by integrating between 0 and 1" both hand sides of

this inequality, we obtain :

20°2T
Q

[yue —y |2 < [(w—u', v = V)5

In short, there exists K > 0 depending only on C' and T
such : that

/ / / / K
[y =y, zm — 2L < —l(u— v =) (4)
Q
Thus for any o > K, the map ® is contracting on the Hilbert
space D,,.
The fixed point theorem ensures the existence of a unique pair
(Y, Z) € D, such that ®(Y, Z) = (Y, Z).

o /
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The uniqueness has to be understood dt ® dIP-a.e. By
construction the first component Y'® of ®(Y, Z) is a
continuous process, equal to Y, dt ® dIP-a.e. and the pair
(Y'®, Z) is the unique solution of the BSDE (g, £&77) whose first

component is continuous.L]

Picard approximation : (other method for existence of the

solution)

- Instead of using a fixed point theorem, we could have used
an explicit approximation method, in particular the
well-known Picard approximation. The interest of this

approach is to construct a sequence converging almost surely

to the solution. Actually we have :

o /
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Proposition 1.4 Let us consider the Picard sequence
(Y*, ZF) recursively defined by (Y° =0,2° =0), and

—dY} = g(t,YF, Zhydt - ZF A, YT =&

This sequence (Y* Z%) converges to (Y, Z) in H2, @ HZ, .,

and dP x dt almost surely. Moreover, the sequence (Y*)
converges uniformly almost surely.
Proof : Let the Picard sequence (Y*, Z¥) be recursively
defined by (Y =0, 2" = 0),

_d)/sz+1 — g(t7 }/tka Ztk)dt o sz]€+1th7 Yilf+1 - fT

N

(5)

(6)

/
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Then, by the previous estimates (4) applied to
(uf, ,U?;) _ (Y;k_l, Zf_l) and (Yk, Zk) — (Y(“k’vk) Z(uk’vk))7 we

)

obtain :
K

H (Yk+1 . Yk:’ZlH—l . Zk) H2 S - H (Yk . Yk_l,Zk . Zk—l) Hz
@8

< @LZY Il
(7)

K

where € = = 1S a constant < 1.

The norm series are geometric.
Therefore both series (Y** — Y*) and (Z**! — Z¥) converge
in the Hilbert space D,,. In particular, the sequence of partial

sums of the series converges in D,, and dP ® dt-a.e..

o /
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respectively, we have :

|| / o, dW, |2, = E( sup |
0

0<t<T

=40l

0

Moreover, it is possible to obtain the same kind of estimates
for the uniform norm of the processes (Y* — Y*~1) defined by
| Y* = Y5 %= E(supgey<r [V = Y1),

Actually observe that for any It6’s semimartingale
U, = Uy + fot Osds + fot o,dWs, with ¢ and o in H?n and H?

mxd

— by the maximal inequality of martingales,

t

T
oy dW,|2) < AT / o, |2ds)
0

~

/
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— the same estimate holds for the semimartingale W since

T :
|9 < 2(BQf) + B[ (6] [ o | )
< 2E(|Wo|?) + 2T (9|l + 8lloll3e .

We then apply this last inequality to the semimartingale
YF+ — Y* with decomposition
¢t — g(t7 }/tkv Ztk) T g(tv Y;tk_la Ztk_l) and O = Zf o Zf_l'

Since ¢ is Lipschitz we obtain :

N

22



613 < K[|V =Y, 2% — Z¥ D)5, and
| YR YRS < 2TK||(YF - YHL 28 - 28|,
+ 8|1 2% — ZF 3,
< K||(Y* =YY" 28 = 28R
< Ke!
where K is a universal constant that can change over the
inequalities. The last estimate is given by (7) in terms of the

a-norm, which is equivalent to the H?*-norm. As a

consequence, the series (Y**1 — Y*) is uniformly convergent.
[]

N
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1.2 Linear BSDEs

When the coefficient is linear, we can get explicitly the

component Y of the solution.

Proposition 1.5 (Linear BSDE) Let (5, 1) be a bounded
(R, RY)-valued progressively measurable process, o be an
element of H3(0,T) and &r € L3(0,T). We consider the
following linear BSDE :

—dY; = (o1 + YiBy + Zyuy) dt — Zy dWy; Yr=%¢&r. (8)
Then :

o /
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a) the equation (8) has a unique solution
(Y, Z) € S£(0,T) x H3(0,T), and Y is given explicitly by

T
Vi=E [fTFt,T + / I sps ds | ft] (9)
/

where (I'; 5)s>¢ is the adjoint process defined by the forward
linear SDE

dFt”S = Ft,s(ﬁsds -+ ,uSdWS), Ft,t = 1 (10)

satisfying the flow property
\a’ <s<wu Ft,SFS,u = Ft,u P —a.s.

25
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) if &7 and @ are non-negative, then the process (Y;) is
non-negative. Moreover, if in addition Y; =0 on B € F;, then

a.s.onBforany s >t, Y, =0 & =0and p, =0, P—a.e..

Proof : We give just the proof of the first assertion. The

proof of the second claim can be found in [13].

By Theorem 1.2 there is a unique solution (Y, Z) of the BSDE

(8).

It is easily seen that (FtY; — f(f Fsgosds) is a local martingale.
t

Moreover, using that sup,r |Y;| and sup,.7 |I's| belong to

L*(2), one can get that sup, .y |Ys| X sup, || belongs to
LY(Q). Therefore the local martingale (Fth + fot Fsgpsds) is
t

a uniformly integrable martingale, whose t-time value is the

\ /
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JFi-conditional expectation of its terminal value.

1.3 Markovian BSDE'’s

Let us now consider the solution of some specific, namely
BSDE’s driven by a SDE’s. Actually we assume that the
randomness of the coeflicient and the terminal value of that

BSDE comes from a diffusion process.

For any given (¢,z) € [0,T] x R? we will denote
(Yh® Zt@ 0 < s <T) the solution of the following BSDE :

—d}/sz g(57 X;f,x’ YS, ZS>1[SZt]dS — stWS
Yy = U(X5")

o /
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where (X5* 0 < s <T) is a strong solution of a standard Ito

stochastic differential equation :
dX"=b(s, X ds + o(s, X!")dW, ,t <s<T 12)
Xﬁ’xzm ,0<s<t.

The system (11) and (12) is called a forward-backward
stochastic differential equation (FBSDE). The solution is
given by (X{*, Y, Z0%, 0 <s <T).

o /
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Let us now introduce the following assumptions : (H2)

(i) ¢ : [0,T] x RY x R™ x R™*% — R™

is uniformly Lipschitz in (y, z) with Lipschitz constant C' :
l9(t, 2,91, 21) — gt 2,99, 22)| < Cllyr — y2| + |21 — 22].

(72) b and o are uniformly Lipschitz with respect to z;

(231) x — (g(t,2,0,0),¥(x)) is continuous

and there exists a constant ¢ s.t.

for any (s, z), |o(s, )| + [b(s,z)| < c(1+ |x|) and
lg(s,2,0,0)] + [¥(x)| < (1l 4+ |x|P) for a real constant p > 1/2.

o /
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We will show that the solution (Y!* Z'*) is Markovian in
the sense that those processes can be expressed via a

deterministic function of s and X*. Actually we have

Theorem 1.6 Under (H2) there exist two measurable

deterministic functions u(t,x) and d(t,x) such that the
solution (Y!*, Z4%) of BSDE (11) is given by :

Furthermore, for any Fi-measurable random variable x € L2,
the solution Y'X and ZX are given by u(s, X\X) and
d(s, X1X), for s > t.

o

YI* =u(s, XY and Z0" =d(s, X!")o(s, X17"), ds @ dP — a.

~

€.
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Proof : a) Let first assume that g does not depend on (y, 2),
i.e., g(t,x,y,2) = g(t,x). The result can be obtained from a
result by Cinlar et al. |6] (one can see also |10]). More
precisely, the claim is given by Theorem 6.27 in 6] which in

our case can be written as follows :

Lemma 1.7 Let B, be the filtration on R™ generated by the
functions E[LT o(s, X5 ds| where ¢ is a continuous bounded
R"-valued function. Then the semimartingale

Vi = R[U(X5T) + fSTg(r, XEWYdr|Fy] admits a continuous
version given by u(s, X\") where

u(t,z) = B[ (X5") + LTg(r, X5 dr] is Be-measurable.
Moreover, u(t, x) + fts g(r, Xb%)dr + Y5 is an additive

o
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/ g(r, X" dr+Y} " = / d(r, X! o(r, X" dW,, t<s<T,
t t

martingale which has the following representation :

where d(t, x) is B.-measurable. In particular one can conclude
that
ZH = d(s, X)) o (5, X57), ds @ dP — a.e.

b) Let us now consider a general Lispchitz coefficient
g(s,z,y, z). The construction of the solution (Y}*, Zb*) is
showed by the iterative procedure used in the proof of
Proposition 1.4. Let (Y{&:2)n ZE2)m) he the sequence defined

recursively by
Y(t,x),O _ O; Z(t,x),O _ O,
—dYM = g(s, X0 Y ZM)ds — 20 AW, YT = U (X

o
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Using the contracting mapping defined in the proof of
Theorem 1.2, we know that the sequence

(Ytehn ZzE2)m) converges in Dy X D, as n — +00 t0
(YH*, Zt%) ) the unique solution of the BSDE. By applying
Lemma 1.7, we conclude by a recursive argument that there

exist some B.-measurable functions u,,, d,, such that :

Vs € [t,T], YOm =y, (s, Xt%), ZEDn = d, (s, X1 o (s, X5F).

S S

Now using estimate (7) given in the proof of Proposition 1.4,

we obtain the control of the norm

n 0

for a positive constant € < 1. Besides by estimate (1.4), we

have

~

k(t,x) :” Y(t,x),n—i—l_y(t,x),n ”i 4+ ” Z(t,:c),n—l—l_Z(t,x),n Hié enk(tam)

S

Kk(()t,:lﬂ) :” Y(t,x),l_y(t,x),o sz 4 H Z(t,x),l_Z(t,x),O H(2)4§ C<1+|x|2)y

33
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Next fix M € N* and put Ky = {z € R?/|z| < M}. Hence,
for each t € [0,T] and x € K}, we have

k(t,x) :” Y(t,x),n—l—l_y(t,x),n ||(2x 4+ H Z(t,:z:),n—l—l_Z(t,x),n Hig EnC(l—i—

n

From this inequality and Borel-Cantelli’s Lemma we deduce
that (Yt2)hn ZE2)m) converges ds @ dP — a.e. to
(Y®2) | Z(t2)) Let us denote :

u(s,x) :=limsupu"(s,z) and d(s,z) :=limsupd"(s,x).

n——+400 n——+400

First let us notice that the optional processes
(u(s, X17),d(s, X)) s<r are ds @ dP — a.e. equal to
(Y;(t’x), Z&0)) . In the right hand-side of (11) we can replace
(V4 ZE59) by (u(s, X5), d(s, X*)), and Y appears as
the solution of a BSDE with given generator

Kg s, X1 u(s, X)), d(s, X5*)). But the previous lemma )

34



implies that y, ) depends only on (s, X'*) that is,

yir) = q(s, Xbo)

S

Moreover, u(s, X'*) = u(s, Xt*) ds @ dP — a.e. and so u may
be substituted to u in the generator g. In conclusion
(uh* (s, X4, d(s, X)) is solution of the BSDE (11). O
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1.4 Connection with PDEs

We go back to the BSDE (11) to provide a probabilistic
method for studying solutions of the following semilinear
PDE’s
(O + L) u + g(t, z,us, Dyug) = 0, Vt € [0,T] and 2 € R,
uw(T,x) = V(x)
(13)
where £ is a second order differential operator given by
d d
1 0* 9
L= — * 1.1 - : bz :
2 Z<UJ )i Ox' 0z’ i - ox!

ij=1 i=

and D,u := Vuo.

o /
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Under the assumption [H2|, we recall that (Y**, Z0%) <1
denotes the unique solution of the BSDE (11).

Let us stress that Y;"" is deterministic since (Y%, Z5%) is
adapted with respect the o-algebra
Fl=0 (W, =W, t <r <s)and then ¥;"" is measurable

with respect to the trivial tribe.

In order now to give the connection between solutions of
semilinear PDE’s (13) and BSDE’s (11) we first present a
regularity result for solutions of BSDE ( see Lemma 2.5 and
Theorem 2.9 in [33] for the proof).

N

/
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Theorem 1.8 In addition to assumption [H2| we assume
that the functions b, o, g and ¢ are C® with bounded

derivatives. Then :

i) the process {Y5; (s,t) € [0, T]?, x € R} has a version
which belongs a.s. to C02([0, T2 x RY). In particular Y,°* s
of class C* in x a.s and the derivatives up to order 2 are a.s.

continuous in (t,x).

i) the random field {Z*, 0 <t < s < T} has an a.s.

continuous version such that
Zbt = VYR (VXP) T o (X5 (14)
In particular, taking s =t, we obtain Z," = VY, o(x). O

o /
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We now give a probabilistic interpretation for solutions of the
semilinear PDE (13) using the solution of the Markovian
BSDE (11) :

Theorem 1.9 (Regular coefficients [75]) : Assume that the
functions b, o, g and 1 are C> with bounded derivatives.

Then :

i) if u belongs to CL2([0,T] x R4, R™) is a classical solution
of PDE (13), then (u(s, X*), Dyu(s, X'*)) is the solution of
the BSDE (11) in the time interval [t, T]. In addition for any
t<T,u(t,z)=Y""

i) if {(YH*, Z8)} is the unique solution of the BSDE (11),
then u(t,z) =Y, 0<t < T, x € R? belongs to
CL2([0,T] x R4, R™) and is a classical solution of the PDE

\(13). Y
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Proof :

i) This result is a direct consequence of td’s formula for

u(s, X4*), s € [t,T]. ii) The second result is the non-linear

Feynman-Kac’s formula for the semilinear PDE (13). For the
complete proof one can see Pardoux & Peng |33 or Peng |32].
Actually for t € [0,T] and = € R?, let u(t,z) := Y;"". From
Theorem 1.8, the function u belongs to C%2([0,T] x RY).
Using the flow property of {X*; ¢t < s < T, x € R?} and the
uniqueness of the solution of the BSDE (11), we get for each
t<t+h <T,

t+h, X"

Yt,x — Y t+h __ u(t + h’ Xffh) )

t+h t+h

Furthermore let A :={t=t) <t; < .. <t, =T} bea

o %
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subdivision of the interval [t, T,

h(z) —u(t,z) = =) (u(tipr, ) — u

— (w(tit, Xtt’xl) —

By Itd’s formula and the BSDE (11) we get :

h(x) — u(t, )

Z:

L) — u(ti—i-l) Xf;fl) )

u(t;, x))

1
/ (Lu(tive, XP") + f(r, X00")) dn
0

1+1
[ (2 (Tuo i, X0)) aw ]
t

L Z-

/
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Now let lim sup(¢},; —¢;') = 0 in the above equation and
n—oeo 4

using Theorem 1.8, we obtain :

h(x) —u(t,z) = —/t (Lu(r,x) + flr,z,u(r,z), (Vuo)(r,x)))

which implies that u € CH2([0, T] x R?) and solves the PDE
(13).0

For smooth coefficients the PDE (13) has a classical solution
but if we assume that the coefficient g is just a Lipschitz
continuous function, one has to consider solutions in a weak
sense i.e. u becomes a weak solution of equation (13) with

terminal value 1, if the following relation holds :

o %
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Vo € C1*°([0,T] x RY),
/t (s, Dud)ds + (ult, ), (2, )) — (U(), 6( T)) + / £y, 6,)c
:[ (g(S,°,u5,Vu30'),¢s)dS

(15)

where (¢, 1Y) = [pa ¢(2)(z)dz denotes the scalar product in
L*(R?,dx) and

* * 1 ES
£w,0) = [ (0"V)(0"T9) +6((30" Vo + Bi))ds
is the energy of the system associated with the PDE.

So assume that instead of the assumptions |H2-ii| and [H2-iii|,

the following ones hold true :

o /
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- [H2-ii’| : the function b (resp. o) is C? (resp. C*) with
bounded derivatives

- [H2-iii’] : ¥ € L*(RY) and g(t,2,0,0) € L*([0,T] x RY).
Under assumptions [H2-i|, |H2-ii’| and [H2-iii’|, the BSDE (11)

still have a unique solution provided that we give a sense to
\IJ(X%"E) and g(s, X% y, z). Indeed this difficulty was tackled

in [3] and [2| by using the following norm equivalence result :

Proposition 1.10 (A norm equivalence result) : There exists

two constants cy,co > 0, such that for everyt < s <T" and
¢ € LY (RY), we have

e [ 16@)]de < / E(¢(X0))dz < s [ [6(x)] de
Rd Rd Rd

o /
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Moreover, for every ¢ € LY([0,T] x R?), R

61/ / (s, \dsdx</ / (| (X)) dsdx
Ra J¢ Ra Jt
SCQ/ / (s, x)|dsdx .
R Jt

The constants ¢y, co depend on T, and the bounds of the first
(resp. first and second) derivatives of b (resp. o).

The natural space for Sobolev’s solutions of semilinear PDE’s

(15) is the Dirichlet one, namely
H = {u € L*([0,T] x RY)) | Vuo € L*([0,T] x R }.

The goal of Proposition 1.10 is to make a natural connection
between the norms used to study the BSDE, namely the
H?-norm and the one used in PDE, namely the Sobolev norm. /

o
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Barles and Lesigne |3| and Bally and Matoussi |2| proved that
the solution of BSDE (11) gives the probabilistic
interpretation for the solution of PDE (15)

Theorem 1.11 (Barles and Lesigne [/, Bally and Matoussi
[2]) Assume [M-if, [M-ii’| and [M-iii’] hold. There exists a
unique solution w € ‘H of the PDE (15). Moreover

u(t,xz) =Y,"" and Dyu = Z°, where

{(YEe, Zb%) ¢t < s < T} is solution of BSDE (11) and

Y = u(s, XM, ZY = Dyu(s, X)), Vs €[t,T], da
(16)

Proof : The proof is based on the approximation of the PDE

(15) by a sequence of PDE’s with regular coefficients g. and

regular terminal values W, for which Theorem 1.9 47) holds
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and then to pass to the limit by using the norm equivalence

result of Proposition 1.10.

Remark 1.12 If we assume less reqularity on o and b,
namely uniformly Lipschitz with respect to x. Then in the
1-dimensional case (m = 1) we can prove that u(t,z) = Y,""
is a viscosity solution of PDE (13). The reader can found a

complete and nice study of this point of view in Pardoux

[51].0

1.5 Comparison Theorem

In the one-dimensional case, 7.e. when m = 1, and under the
previous assumption (H1), we have a comparison result

between the Y's as soon as we can compare the associated

Kcoefﬁcients and terminal values.
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Theorem 1.13 (El-Karoui, Peng, Quenez [173]) Let us
consider two BSDFEs associated with parameters (g, &) and
(¢, &) which satisfies (H1). We denote by (Y, Z) and
(Y, Z") their respective solutions.

Assume that P — a.s., &p < & and that dt @ dP a.e.,
g(t,Y/, Z}) < g'(t,Y/, Z}). Then

Y, <Y/, vtel0,T] Pa.s.
Proof : First observe that the condition

g(t, Y/, Z}) — ¢'(t,Y/, Z]) <0 and the Lipschitz property of g
imply that :

o

g(t, Yy, Z)—g' (Y], 7)) < g(t, Y, Z)—g(t, Y,, Z;) < C(|Y;=Y))|-

- Zi—Z4]).

/
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Applying It6-Tanaka’s formula to ((¥; — Y/)™? yields to :
et (V; — YI)F)2 = 0T (gp — €)+2 2ft as(Y, — V') (4
Vﬁ]:/@&%_ﬂﬂg_nyg—1%»@WQ—ﬂV+OQ—K%
t
Vir < /T 60‘3( — (Y, = Y)) " = Ly syl Zs — Z° 4 2C(Y,
t

By the polarization formula, for a large enough « and for any

a,b we have :

—aat? — 1{a>0}b2 +2Ca"(|a] + [b]) = —1{a>0}(—oz‘a|2 — [b* 4

= Liazoy (= ([b] = Clal)* =

o %
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Therefore going back to the above inequality and taking
a > 2C + C? to obtain V1 < 0.

By the same argument as in the proof of Theorem 1.2, the
T
martingale / e (Y, — YT (Z, — Z)dW, is uniformly
t

integrable, with null expectation. Taking into account the

assumption on the terminal conditions, we deduce that
Ele“(Y; — Y/)"?] < 0 and therefore the desired inequality. [J

1.5.1 Financial Mathematics : Pricing of an European option

Let us consider a market where there are one non risky asset

PY and one finite family of risky assets P' (i = 1,...,m) :

o

/
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dPtO = Pt()?“tdt
dP! = P!uldt + oldW,],t < T; Py > 0 and P! > 0.

The processes r and p' are supposed P;-measurable and
bounded. Let w = (7}, 7}, ..., ") <1 be a portfolio for a
small investor. The process 7 (resp. ) is the amount
invested in the bound (resp. risky asset 7). The process

Vi =V™:=mx) +x!+ ..+ 7" is the value of the portfolio 7.

On the other hand if the portfolio is self-financing then (at

o
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least formally) we have :

AV; = ()5 + (rh) S + () B
= Vodt + >0 o (mh(ph — r)dt + mioldWy) (17)
= 1 Vidt + (e — re)dt + mo dWy).
A self-financing portfolio is called admaissible if P-a.s.,
fOT | 7?|dt < oo, for any i > 1 fOT [7io!|?ds < oo and V™ > 0
for any t < T'. The set of admissible portfolios is denoted by
A. Now let us consider £ a non negative contingent claim (the
wealth) at time T, for instance £ = (P} — K)*. The point is
that we want to seek for the initial endowment X, for the

investor allowing him /her to get the wealth £ at T" in making

an investment in the market. Formally the value X is defined

o
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by :
Xo = inf{z;I(V,7) s.t. m € A satisfies (17), Vp = & and Vj = x}|

At this level let us emphasize that even the couple (V, 7o)
satisfies (17) and Vi = (P — K)™, since there is a lack of
integrability of the processes then we cannot claim that

(V, 7o) is a solution of a BSDE, namely the one which looks
like (17).

Now when Arbitrage free and Completeness hypotheses are
satisfied, which roughly speaking turns into the fact that the
matrix o; with row ¢? is invertible and its inverse is bounded,
the value of the contingent claim & = (P} — K)* is given by

Theorem 1.14 (El-Karoui, Peng, Quenez [15]) Suppose m=d

and the matriz oy = (o}, 02, ...,0") invertible, bounded with

o
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bounded inverse. Suppose 0 < & € Li (Fr). The value Xy is
equal to Yy where (Y, mio¢)i<r 18 the solution of the following
linear BSDE :

d}/;g = {Tt}/t —+ WtOt(O't)_l(/it — Tt)}dt -+ WtOtth
Yy = ¢

Y, is the value of the same contingent claim at t and m; the

(18)

vector of amounts invested in the risky assets. Moreover'Y 1is
the mintmum value of admissible portfolios, i.e., P — a.s.,

vt € [0, T], Vs < VJ" where (V™,7) is the solution of the
equation (17) (m € A).

Proof : By Theorem 1.2 there exists a unique couple of

square integrable processes (Y, Z) solution of the BSDE with

o /
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linear coefficient g(t,y,2) = ryy + 2(o¢) " (us — r¢), namely
dY; = (’HY% + Zi(o) (e — "“t)) dt + ZidWy, t <T; Yr=¢§.

The terminal value £ is non negative then by Proposition
1.5-b) the process Y is non negative, and the solution is the
value of self-financing admissible portfolio. Actually for ¢t < T
let us set m; = Zyo; * then fOT [ms0,4]*ds < oo and (Y, 7o)
satisfies (18). Besides using a change of probability one can

write
dY; = T’ﬂ/tdt + thWt, t < T; YT — 5

where W is another Brownian motion under the new
probability P, namely the risk neutral probability measure.

Now using Itd’s formula for the discounted process

exp{— fOt rsds}Y; and taking the conditional expectation with

o
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respect to P we deduce that Y; > 0, for any ¢ < T It follows
that the portfolio defined by (7%,7), where
=Y, — > ", m", is admissible.

Now let @ = (7Y, 7) be an admissible portfolio such that
VI = £ Tt implies that

Therefore, using again It6 formula one can get

(exp{— fot rods}(Y; — ViF))<p is a P-local martingale. On the
other hand there exists a sequence (7,),>0 of stopping times
such that :

Yo~ Vi = Bleap(~ | nds}(v,, — Vi)

o

AV, V") = {r (Y, =V +(m—7) o (py—r1) Yt + (7 — 7, ) oy dW, t

/
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Now using Fatou’s Lemma we obtain that Yy — Vi < 0.

Next let ¢ < T be fixed and let us define
7= inf{s > ¢, [ |(m, — Tu)ou|?*du > n}. In the same way as

previously we obtain

Vi—Y,=E [exp{—/ rsds}(V;tZ — Yo )| F
t

Therefore using once more Fatou’s Lemma we get

V7 —Y; >0, P—a.s.. As the processes V™ and Y are
continuous then P — a.s., Vt < T, Y; < V™, thus we have
obtained the desired result. O

o %
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Remark 1.15 : If instead of assumptions [H1]-(ii) we just require that g satisfies the following mono-
tonicity condition w.r.t. y :

(9(s,9"2) —g(s,9". 2))(y' —y*) S K(y' —y*)?
and, moreover, the mapping z — g(t,y, z) is uniformly Lipschitz then the BSDE associated with (g,&r)

has a unique solution. For more details on that claim one can see e.g. (Pardouz and Darling [5] or
Pardoux [71]).0
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